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	Interaction	Energy	Between	Two	Disjoint	Charge	Distributions	

	

We	now	have	the	machinery	to	calculate	the	interaction	energy	between	two	

disjoint	charge	distributions.	Suppose	these	distributions	are	clustered	around	the	

points	  

Ra 	and	  


Rb and	suppose	that	the	multipole	moments	of	both	distributions,	

relative	to	   

Ra &


Rb 	are	   

Qa ,µα
a ,Θαβ

a ,Ωαβγ
a ,and	

   
Qb ,µα

b ,Θαβ
b ,Ωαβγ

b , .	The	energy	of	

distribution	b,	in	the	potential	generated	by	distribution	a	is		

   
Vab = Qbφ a (


Rab )− µα

b Fα
a (

Rab )− 1

3
Θαβ

b Fαβ
a (

Rab )− 1

15
Ωαβγ

b Fαβγ
a (

Rab )− 	

where	  

Rba =


Rb −


Ra .	For	notational	simplicity	and	with	no	loss	of	generality	we	will	

take	   

Ra = 0 	and	drop	the	subscript	on	  


Rb .	So	distribution	a	is	clustered	about	the	

origin	and	distribution	b	about	the	point	  

R .	The	energy	due	to	the	charge	on	b	is	

then	

   
Qbφ a (


R) = QbQa

R
−QbTα

aµα
a + 1

3
QbTαβ

a Θαβ
a − 1

15
QbTαβγ

a Ωαβγ
a − 	

The	energy	due	to	the	dipole	moment	of	b	is	   −µα
b Fα

a (

Rab ) 	and	depends	on	the	

electric	field	at	b	due	to	a	which,	is	   −∇α
aφ a (

R) .	Since	 ,T T  & T T  etcαβ α β αβγ α βγ=∇ =∇

we	have	

   
Fα

a (

R) = −QaTα

a +Tαβ
a µβ

a − 1
3

Tαβγ
a Θβγ

a + 1
15

Tαβγδ
a Ωβγδ

a + 	

resulting	in	

   
−µα

b Fα
a (

R) = Qaµα

bTα
a −Tαβ

a µα
bµβ

a + 1
3

Tαβγ
a µα

bΘβγ
a − 1

15
Tαβγδ

a µα
bΩβγδ

a + 	

The	electric	field	gradient,	
   
Fαβ

a (

R) 	is	obtained	by	applying	 a

α∇ 	to	
   
Fβ

a (

R) 	which	

simply	bumps	each	T	tensor	up	a	notch.	

   
∇α

a Fβ
a (

R) = Fαβ

a = −QaTαβ
a +Tαβγ

a µγ
a − 1

3
Tαβγδ

a Θγδ
a + 1

15
Tαβγδε

a Ωγδε
a + 	

and	so	the	energy	due	to	the	quadrupole	moment	of	a	is		
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− 1

3
Θαβ

b Fαβ
a (

R) = 1

3
QaΘαβ

b Tαβ
a − 1

3
Tαβγ

a Θαβ
b µγ

a + 1
9

Tαβγδ
a Θαβ

b Θγδ
a − 1

45
Tαβγδε

a Θαβ
b Ωγδε

a + 	

The	first	two	terms	of	the	octupole	contribution	are	

   
− 1

15
Ωαβγ

b Fαβγ
a = − 1

15
Ωαβγ

b −QaTαβγ
a +Tαβγδ

a µδ
a −( ) 	

The	total	interaction	energy	becomes	

   

Vab =
QaQb

R
+Tα

a Qbµα
a −Qaµα

b( )
+ 1

3
Tαβ

a QbΘαβ
a − 3µα

bµβ
a +QaΘαβ

b( )
+ 1

15
Tαβγ

a −QbΩαβγ
a +5µα

bΘβγ
a −5µα

aΘβγ
b +QaΩαβγ

b( )
+

	

Note	that	the	terms	are	ordered	according	to	the	distance	dependence	of	the	

interaction	energy.	 2

1aT
Rα : , 3

1aT
Rαβ : , 4

1aT
Rαβγ : ,	etc.	Note	also	the	asymmetry	in	the	

signs	with	which	moments	on	a	and	b	enter	the	equations.		

In	there	present	form	these	equations	are	very	general	and	simpler	forms	

appropriate	for	special	cases	are	often	more	useful	in	practice.	

	

Some	special	cases	

a.	Point	dipole	at	the	origin,	pointed	along	the	+z	axis	interacting	with	a	charge	at	

the	terminus	of	a	vector	  

R .	

The	charge	-	dipole	term	is		

( )a b a a b
abV T Q Qα α αµ µ= − 	

In	the	derivation	of	 abV ,	distribution	a	was	centered	at	the	origin	while	b	was	at	the	

terminus	of	the	vector	  

R 	so	in	this	example	we	identify	the	dipole	with	a	and	the	

charge	with	b.		

2

cos( )a a
ab z

QV T Q T Q
Rα α

µ θµ µ= = = − 	
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b.	Point	dipole	at	the	origin,	pointed	along	the	+z	axis	interacting	with	a	dipole	in	the	

yz	plane.	Let	the	dipole	in	the	plane	have	the	components	 &b b
z yµ µ .	The	dipole-

dipole	interaction	term	is	

( )a a b a a b a a b a b
ab z z z zz z zy yV T T T Tαβ α β β βµ µ µ µ µ µ µ= − = − = − + 	

Since		
2 2 2

5 3

3 3cos ( ) 1a
zz

z RT
R R

θ− −= = 	and	 5 3

3 3sin( )cos( )a
zy

zyT
R R

θ θ= = 	we	have	

( )2
3 (3cos ( ) 1) 3sin( )cos( )
a

b bz
ab z yV

R
µ θ µ θ θ µ= − − + 	

	

Note	the	special	cases:	

	

3

20
a b
z z

ab  then V
R
µ µθ = = − 			

	

390
a b
z z

ab  then  V
R

µ µθ = = + 	

	

3

2180
a b
z z

ab   then  V
R
µ µθ = = − 	

	

c.	Linear	Quadrupole	at	the	origin	and	a	charge	at	terminus	of	vector	  

R 	

	

( )1 1
3 3

a b a b a a a a a a
ab xx xx yy yy zz zzV T Q Q T T Tαβ αβ= Θ = Θ + Θ + Θ 	

since	the	quadrupole	is	linear	and	its	trace	is	zero	we	have	

1
2

a a a
xx yy zzΘ =Θ = − Θ 	and	so		

( )2

3

3cos 11 1
2 2

a b a b a
ab zz zz zzV T Q Q

R
θ −

= Θ = Θ 	

	


