Many Electron Spin Eigenfunctions

An arbitrary Slater determinant for N electrons can be written as
AD(1,2,:+-,N)Z,,(1,2,0+-,N)

Where (I)(1,2,-~-,N) =a(1)b(2)---c¢(N ) is a product of N orthonormal spatial
functionsand y, (1,2,~ . -,N) isa productof N, « spin functions and N, B spin

functions and therefore has an eigenvalue of 5‘2 equalto M = %(Na - Ny ) Note that

we do not consider double occupied spatial orbital when investigating the spin
characteristics of a Slater Determinant. To determine the effect of S*on the Slater
determinant we need only investigate S’y ,, (1,2,. . N) Accordingly if we want a
Slater determinant to be an eigenfunction of S? with an eigenvalue S(S +1) we

need only to write
AD(1,2,++, Nz, (1,2, N)

Where SszM(l,Z,- -,N)= S(S+ I)XSM(I,Z,- -+,N). The problem is how to find
Xq,(1,2,---,N) and there are several general approaches. Consider for example a

three- electron system. We may form 2° =8 spin functions and we list them below
labeled by the M quantum number. We assume the electron orderis 1, 2, 3, so

offor=o(1)5(2)o(3)

Number Function M

1 oo 3/2
2 oo 1/2
3 ofa 1/2
4 Poo 1/2
5 ppa -1/2
6 pop  -1/2
7 off  -1/2
8 ppB— -3/2

Note that cer & B3 must be eigenfunctions of S>with S=3/2 and M = +3/2.
Functions 2, 3 and 4 must span the space containing one quartet (S=3/2) and two
doublets (S=1/2) all with M=1/2 while functions 5, 6, and 7 lie in the M =-1/2
subspace of the eigenfunctions of S2. So for the M=1/2 subspace we may write
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@ =|S=3/2,M =1/2) = aq0} + a,0fo + a, focr
@, =|S=1/2,M =1/2) = baof +b,afc +b, oo
@, =|S=1/2,M =1/2)=caof +c,ofa+c,foc

Or in matrix form

o, a a, a aof
o, |= bl bz bs 0(,50{

2% q ¢ ¢ | poa
We may invert the matrix and write

O’O’ﬂ 4 4, 4\
(Zﬂ o |=| B 1 B 2 B3 0,
ﬁ oo ¢ G Gl

Where
.
4 4, A4 a  a, da
B B, B |= bl bz b3
¢ ¢ G G 6 G

The spin function aaf is a linear combination of the quartet, ¢ and the two

doublets, ¢, & ¢,

aoff = Ap + A, + A,

To determine ¢, we will operate on axafwith a projection operator that will

annihilate ¢, & ¢,
(5= (Vo)) aas =43 (35 +1)- 5 (5 +1))a =340
And since

S*ao :( S.S —S. +Sf)aa,8 = (S‘j_ —1/4)aa,8
And

S.S aoff =S, ( BoB +ofB) = 2008 + o + off
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So we have
S’ =7/4caf + Boo +ofer
And therefore

(5*2 —~ 3/4)aa,8 =aof + foo+afio =349,

After normalization we have

¢ =|S=3/2,M=1/2 coff + Pooc+offer)

1
)=

To find the doublets we annihilate the quartet.

(87250541 =( ()5 41)- %505 +1)) (A 40)

Note that since ¢, & ¢, are both doublets any linear combination is a doublet so

(S‘z —% (% +1))aa,8 =200+ foe + oo

is a doublet. The other linearly independent doublet is found by projecting the
quartet out of one of the remaining functions, either ofa or Boc .

(S‘z —% (% +1))a,3a: =200+ Poroc+ oo
(S‘z —% (% +1))aa,8 =200+ foe + oo

We then have three normalized doublet spin functions
(200 + fac + ofier)

(—2apor+ Porec+ oof3)

- &= 5l

— (2pao+ apor+aof)

Y

Note that these three doublets can not be linearly independent because there are
only two in the space. We can form two orthonormal functions by taking

(200 + Poroc+ offexr)

-
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as one doublet and forming the second by subtracting

L (2o + oo+ aoff) from L

% 7

We have, after normalization the second doublet.

=2 o+ offor+ orof3)

1
ﬁ((xﬁa— o).

We can form the remaining M =-1/2 functions by the same projection operator
technique but it instructive to use the raising and lowering operators.
Recall that for any angular momentum eigenfunction

) operating with J,
keeps J the same and changes M to M 1

)= £1)

Given ‘S = 3/2,M = %> we may form ‘S = 3/2,M = —%> by operating with S so

|5=3/2.M == 1))~ S (aop+opo+ poc)=2(apB+ foff+ BBe)

and after normalization we have

b 3/2,M = /§ (a3 + o+ ppe)

Exercise
Show that the effect of the lowering operator S_ on aoc is the same function

|S =3/2,M = 1/2> obtained by using the projection operator on co/f3.

Branching Diagram

A very convenient way of keeping track of the number of spin eigenfunctions of a
given multiplicity for an N electron system is the branching diagram shown below
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The diagram is constructed as follows. A two-electron system is constructed from a
one electron system by coupling the additional spin 1/2 and the original spin 1/2
into either a singlet (down) or a triplet (up). To form the spin eigenfunctions for a
three electron system we couple the two electron triplet into a quartet (up) and a
doublet (down). Additionally the singlet may be coupled (up) into a doublet. We
then have 1 quartet and two doublets. To form the 4 electron system we couple the
quartet into a quintet (up) and into a triplet (down). The two doublets couple up to
form two additional triplets and down to form two singlets. The four electron

system then can form 1 quintet (S =2), 3 triplets (S =1)and 2 singlets (S =0) for a

total of 16 states. This is of course the required 2*. Note the rapid increase in the
number of low spin eiegenfunctions as the number of unpaired electrons increases.
For N=10 we have 42 singlets, 90 triplets, 75 quintets, 35 septets, 9 nonets and 1
bigtet.

We gather below a few explicit spin eigenfunction for N=1 to 5 and specifically for
the case M =S§. Lower values of M for a particular S may be generated using the

lowering operator S . These are from the Sanibel notes of Frank E Harris. Note that
the functions have been factored where possible to highlight the physical couplings.
For example the N=4 singlet, (o8 — for)(off — fex) / 2 obtains from the singlet

coupling of electron pairs 1&2 and 3&4 while the N=5 doublet,
(of— Por)(of — Pex) or / 2 also obtains from the singlet coupling of electron pairs
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1&2 and 3&4 with the doublet spin angular momentum being carried by the « spin
of electron 5.
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Orthonormal Spin Functions for N spins with total spin S through N=5

N S Xss

1 1/2 o

2 1 (o3 + ) /N2

2 0 (o Ber) /2

3 3/2 oo

3 1/2 (o Be)ec /N2

3 1/2 (Boa+ o —2003) /6

4 2 aooo

4 1 (off— o) e /N2

4 1 (Boa+ afer—2008) or /6

4 1 (Boca+ oo+ crofer—30ceB) /12

4 0 (o Ber) (e - Per)/ 2

4 0 (20033 +2 o - oo - Bofa—affo - fooB) /12
5 5/2 oo

5 3/2 (off— o) e /N2

5 3/2 (Boo+apor—2a0p) e /6

5 3/2 (Boce+ ofeer+ oo —3ecof) e /12

5 3/2 (Bocce+ afecer + oofoe + arcroec — darcooB) /20
5 1/2 (o - pa)(off—Per)ex /2

5 1/2 (20003 +2 BBocc — ofiof — Bofor— affBor— Beof) e /12
5 1/2 (03— Bex)(Becor+ oo —20:08) /12

5 12 (aoofp+aopop+ fPoce—ofoof - focef —coffe) /6
5

/2 (200Bof - 200088+ afofor+ oo — afpBoror— feforer) /12
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