Spin Eigenfunctions and Two Electron Systems

Virtually all wavefunctions are written as linear combinations of Slater
determinants so we will consider the effect of the spin operators on these functions.

First consider the two-electron Slater Determinants that can be formed from two
orthogonal spatial orbitals a & b. Since either orbital may have an & or S spin

Bl B
we may form the following 22 =4 determinants

¢, = Aaober, ¢, = Aaocbﬁ Q3= flaﬁboc and ¢, = Aaﬁbﬁ

First consider the effect of S’Z on ¢ (1,2). Clearly since S’Z is symmetric in the two

coordinates it commutes with A and we may write
S.0,(1,2) = S_Aacbo. = AS_aabar = AS_a(D)a(1)b(2)0x(2)
Since the spin operators operate only on the spin variables so we need only consider
S.a(a(2) = (3.(1)+5,(2) aa(2) =35, Da(De(2) + 5. ()a()e(2) = 1)K 2)
and so ¢,(1,2)is an eigenfunction of S. with an eigenvalue of 1.
$.0(12)=¢(1.2)
Now consider the effect of S’Z on ¢,(1,2).
S.0,(1,2) = S_Aacth = AS_aahB = AS_a(1)ou(1)b(2) B(2)
As before we need only consider the effect of S’Z on the spin variables.
S.a()B(2) = (5,()+5.(2)) a(DB2) = 5. (N B(2) +3.(2)a() (2) =0
so ¢, (1,2)is an eigenfunction of S_ with an eigenvalue of 0.

S.9,(1,2)=0
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In a similar way we find that ¢;(1,2) and ¢,(1,2)are eigenfunctions of S, with

eigenvalues of 0 and -1 respectively. Note that the eigenvalue of S’Z is simply

%(Na - Nﬁ) where N, & N jare the number of o & fspin functions.

What about §? ? As with S’Z this is a symmetric operator that commutes with H
and so

§20,(1,2) = $> AaabB = AS?aohp = AS*a(1)e(1)b(2) B(2)
We need only consider
$a)B(2)=(5,5.~5.+52)a)B2)=5,5a)B2)
Where we made use of S_a(1)(2) = 0. Continuing we first have the effect of S_
S_a(1)B(2) =5 (M) B2 +5-(2)a() B(2) = B1) B(2)
and then operate with S, on these results
S.BMB2) =5, AW A2)+5,(2) M AQ2) = () B2)+ Bex(2)
So the effect of $2 on ¢, (1,2)is
$%0,(1,2) = Aa(b(2)(a(DB(2) + B(Dax(2)) = Aa(1)b(2)ar(1)B(2) + Aa(1)b(2) B(Dex(2)
and with our convention for labeling the electrons
§20,(1,2) = AaabB + AaBboc = ¢,(1,2) + ¢5(1,2)

and we see that ¢, (1,2) is not an eigenfunction of S2. Note however that if we
operate on ¢;(1,2) we have

$%04(1,2) = AaobB + AaBbor = 9,(1,2) + 95(1,2)

and so the sum and difference of ¢, (1,2) and ¢;(1,2) are eigenfunctions of S?, the
sum being a triplet corresponding to S =1

James F Harrison December 25,2017 2



S (p(1,2)+93(1,2)) =2(,(1,2) + 95(1,2))

and the difference being a singlet, S =0.
$2(22(12)~93(1,2)) =0(9,(1,2) - 3(1,2)) =0

Operating on ¢;(1,2) and ¢,(1,2) we find that they are both eigenfunctions of N

with eigenvalue 2 or triplets with a spin quantum number S=1. In summary for the
two electron system we have the three components of a triplet and a singlet.

Function S M

¢ (1,2) 1 1
%(%(Lz)wxl,z)) ! 0
%(%(Lz)—%a,zn 0 0
¢4 (1’ 2) 1 -1

Where the functions have been normalized.

Note however if a =5 all of the triplet functions vanish and the function

0(1,2)= Aaaaﬁ is a singlet.
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