Spin Operators in Many Electron Systems

In an N electron system the spin angular momentum operators are formed by summing
the operators for the individual spins as follows:

where (=x,y,z

and § U (j) 1s the ,u’h component of the spin operator for the jth electron. Because the

spin operators for different electrons commute the commutation relations for the many-
electron operators are then

S8, | =igu,S
The operator representing the square of the total spin angular momentum is
2 _ Qo2 , 32, Q2
§T=8,+8,+8;
Which may be written as
2_6 & —& L &2
§°=S, - F S_+S;
Where the many electron raising and lowering operators are
N
s = 2.8:())
J=1

Exercise
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Prove that §* =S, 1+SZ+

Note that $? commutes with the spin free Hamiltonian

. N . N
H=Y i)+ g, /)

i=1 i<j

[S‘ > H } =0 and each of its components [S‘ 2 S J = ( but because the individual

components do not commute we may choose the eigenfunctions of H to be
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eigenfunctions of S2and one of its components (most often chosen to be the z
component) so the many electron eigenfunction y(1,2,3,--- N) of satisfies the equations

SPy=SS+y & S.y=My

where —S <M < § in multiples of 1.
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