First order corrections to the energy levels of a one-electron atom

As we have seen above the predictions of the Schrodinger equation for the
ionization and transition energies in H are very close to the experimental values.
Accordingly the effect of the additional terms in the Pauli Hamiltonian will be

estimated using perturbation theory. Taking the unperturbed Hamiltonian as

H? with eigenfunctions R (1)@, ,(6.9,c.) where @ (6.¢,a,) was

Schrodinger

defined above in the spin-orbit discussion. We first evaluate the correction due to

the mass velocity term. Since the unperturbed functions are eigenfunctions of

g __it's convenient to express the mass velocity term in terms of H?, by
chrodinger Schrodinger
recognizing that
]52 oy Ze

- Schrodinger +
2m Ame,r
and so

2
~ p4 1 ~ 0 Z€2
Hmv == 3.2 == 2 HSc'hrodinger +
8m’c 2mc dme,r

and so

(R0} |H,,

2 2 Y
Roatt) == p2 v m, ZE(1) [ Z2 (L) ola)

mc " drxe, \r dre, | \r
2
Since <l> :2L and <L2> = 2322
rl. na, rol,.  na,
We have
~ RZ*
<R110aY00 ‘Hmv RnO“K)O> = _%(_3 + 8”1)
2mcn

This correction is often written in terms of the fine structure constant «, defined as
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Note that in what follows the fine structure constant ¢ and the spin o will be
distinguished by context. Let’s now consider the Darwin term. A required matrix

element is
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The net shift in the energy of the ns level E'Vis the sum of the mass velocity and

Darwin terms
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This correction is always negative, and decreases in importance as the principal
quantum number n increases. The 1s energy level of H is lowered by 1.811x10-* eV
and the ionization energy relative to the Schrodinger theory will be increased by

this amount. Recall that the Schrodinger ionization energy for H underestimated the
observed IP by ~1.4x10* el so with the first order relativistic correction the

theoretical IP is ~0.4x 10" e} larger than experiment. We compare the 1s-2s
separation calculated with the Schrodinger theory with the corrections due to the

mass-velocity and Darwin terms below.



1s-2s energy seperation in one elctron atom
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Note that the mass-velocity perturbation lowers the energy while the Darwin term
increases it. Both the 1s and 2s energies are lowered but the 1s more so and the net
1s-2s separation increases. A for H equals 5.8439 cm! so the net separation is
increased by 1.0044 cm-1.

Additionally since the 1s is lowered by —A /4 the ionization energy is increased and
we plot the error in the ionization energy of the 1s orbital in the H-O sequence

calculated with the Pauli correction below.
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While the Pauli results improve the accuracy significantly relative to the

Schrodinger equation they are not in perfect agreement with experiment.

When 7 #0 each level is split into two with j= /% % Since the radial functions for

¢ #0 are zero at the origin the Darwin term doesn’t contribute. Additionally the
mass-velocity and spin-orbit perturbations are diagonal in the degenerate basis

Rn/,,(r)(l)jmj,,l/2 (6,9,a,B) so non-degenerate perturbation theory is valid.

The mass-velocity contribution is calculated in the same way as with the ns states,
the matrix element being
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The spin-orbit contribution was derived above and is
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In the figure below we compare the splitting pattern for the Schrodinger 2p level

resulting from the mass-velocity and spin orbit perturbations.

Pauli Hamiltonian corrections to the Schrodinger 2p energy levels in a one electron atom
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Once again we see that the mass-velocity perturbation lowers the energy and in this
case the spin orbit term both lowers (the j=1/2 level) and raises it (the j=3/2 level).

Note that the 2p,, level is lower than the Schrodinger level by 5A/64, exactly the
same as the 2s,, level. As noted previously the predicted *P,, —* P,, spin orbit

separation AE for other one-electron atoms is Z* times that of H and is quite

accurate.



Combining the mass-velocity, Darwin and spin-orbit terms we can write the energy

of a one-electron atom to first order in the relativistic corrections as
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Note that each jlevelis 2;+1degenerate and the factor that multiplies the
Schrodinger energy, E, is always positive so the Dirac energy to this order is always

less than (more negative) than the Schrodinger energy. Since the eigenfunctions of

the Pauli (and Dirac) Hamiltonians are eigenfunctions of [? & $%as wellas J> &.J,

we can label them using the term symbol ***' L, where one substitutes the letter
equivalent for the orbital angular momentum L. All s states become >, ,, all p

states splitinto *P,, & P, ,, all d states splitinto *D,,, & *D;,, and so on. In levels

with the same principal quantum number n, since the energy is independent of /7,

the 2S, . and P

2 ,, remain degenerate, the 2P and szremain degenerate, etc.,

3/2

consistent with the observed fine structure but of course without the Lamb shift.



