Electron Density and Natural Orbitals

A very convenient way of constructing the electron density for a system is to use the
natural orbitals of the one particle density matrix y(1,1'), These are the eigenfunctions of

¥(1,1) and since the indices on this matrix are continuous the eigenvalue problem for
such a matrix is formulated in terms of the integral equation

[r0.D)p.(1)dz(1) = Ag,(1)

where ¢,(1) is the eigenfunction or natural orbital and A4, is the eigenvalue of the natural

orbital. These eigenvalues are often called the occupation numbers of the NO's. The
natural orbitals and their eigenvalues are important because the spin density can in
general be written as a sum of the squares of the natural orbitals weighted by the
occupation numbers. So we can write

n)=y(1L1)= Z&co,- (D, (1)

We may show this as follows. If we are given y(1,1) we may solve for ¢(1) and Aby
expanding them, as well as y(1,1) in a complete set of one-particle functions and

discretizing the problem. Note that if y(1,1') is obtained from an approximate wave

: Mo
function, which has been constructed from a set of orthonormal orbitals {¢)ﬂ} 1 this is a
p=

complete set in so far as the approximate ¥(1,1) is concerned. This places very few
restrictions on (1,1) as it may be obtained from an HF, CI, CC, etc. wave function.
We first expand y(1,1)

y1,1)=>.6,0)7,,4,1)
y7R%
or
(L) =¢mw (1)

where ¢(1)=(¢,(1@,(1),(1)+-¢,,(1)) and
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and since we know (1,1') we know the elements 7., of the MxM matrix y . It's easy to

see that ¥ is Hermitian. Expanding ¢(1) as

o()=2.6,(D4, =94

where A= 2

and inserting these two expansions into the eigenvalue equation results in
i M . M . M
[z ()Y, 6,7, 810,04, =23 8,()4,
J7RY p=l1 p=l1
and after integration we have

2.8,.07,,4, =22.9,)4, =23 4,04,

or
M M
214¢ﬂ (I)Z(VﬂpAp N Aﬂﬂaﬂp ) =0
= p=

Since the set {¢)ﬂ }Ml is orthogonal we have
p=

0

M
Z(7up’4p - Auﬂé‘ﬂp )

p=l

or, more compactly
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Where we recognize that the Hermetian matrix has M eigenvectors. The M functions
M
o()=8,1)4,
p=1

are the natural orbitals of the system and A, is the occupation number of the i"™ natural

orbital, (NO). We can express the electron density in terms of the natural orbitals as
follows. First rewrite the eigenvalue equation for ¥ as

yA=AA

where A:(;ll;lzgijm;lM)

1s a row vector of the column vectors ;li and A is a diagonal matrix the elements of

which are the occupation numbers, {/li }Zl Since ¥ is Hermetian, A is unitary and so
A A=1
and
AyA=A
Since @(1)=¢(1)A4 we have
M
V(LD =0’ (1) = (DAY AL9"(1)=G(DAP" (1) = 2. A9, (Dy; (1)

and so the electron density is given by

y(L1) = Z&-co,- e, (1)
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