One and two particle density matrices for single determinant HF wavefunctions
One particle density matrix

Given the Hartree-Fock wavefunction

w(1,2,3,,N) = Ap, (D9, (2)9,(3)--¢, (N)

The electronic energy is

WAy =2 o0l Ole M)+ X {e0e,@)g1,2)0-£,)|9.009,(2))

i<j

The one electron contribution may be written as

2 (oM Olpm) = [dz) /O Y202 )], ,

i=1

from which we deduce
] N E3 '
y(L,1)= Z¢z Do, (1)
i=1

and we see that the natural orbitals of a single determinant wavefunction are simply the
occupied spin orbitals of the system. If we are dealing with a RHF wavefunction these
spin orbitals may be partitioned into pairs of doubly occupied spatial orbitals and so

¢, (D =0,F)al), ¢,()=¢,FH)BN), ¢,()=0,)a(l),--, ¢, (D =9,,()BD)

and the one particle density matrices becomes

N/2

Ve (L) = 26,09, (7)) @D’ (1 +BWB'())

and so the electron density may be written as
P (D= e (L) = (D" ()i, 7))+ BB (D, (7)

where p7 (7) and pﬁHF(?) are the densities of o & f electrons and for the RHF
wave-function these are identical
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N/2

Pl (F) = Pl (F) = ZZ_:,Q-(?W; ()
and since

[ %, (F)aV =N 12, where E=a or B
we have

[ P Mdz()=N

If however we have an unrestricted HF wavefunction

Vo (12,34 N) = A 2,0()2,002)-+ 7, &N, )6 BN, +DG,B(N, +2)-+:0,, BN, +N,)

Where { 7(1},]3 and {Q}i’l’ are the ¢ & [3 spatial orbitals, then the spin densities

Pl (7) and ngF (¥) are not the same

P ()= 1 PIF) & Pl ()= 20,79 ()

and at a given point 7 there is an imbalance in the number of @ & [ electrons. One
often defines a spin density (rather than a spin density difference) as

O(F) = Py (F) = Pl (F)

which quantifies this imbalance as a function of 7 . Note that
o av =[(pt(F)=plu(F))aV =N, - N
Two particle density matrices

We may rewrite the two-electron contribution to the energy of a single determinant
wavefunction as

i<j

Y (0.)0,(2[21,2)(1-B,)|¢,()p,(2)) = [d7(1,2)2(1,2) Y0, D, (2)(1—~ B,)p (D, (2)

i<j

that allows us to write the two-particle density matrix as
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I(1,2[L2)=Y ¢ (g, 2)1-B)p. e, (2)

i<j

In this special case of a single determinant wavefunction can re-write I" in terms of ¥ as
follows. First the summation is changed so that it's unrestricted

r(1.211,2)=X¢/ )91~ £,)p,(,(2) = %Z@(l)@(z)(l ~R)e (e, (2)
then
r,2[1,2) =%Z¢;‘ 9,1~ F)e (e, (2) = %(7(1, DN2.2)-72.)7(1,2))

Being able to express I' in terms of ¥ is a property of the Hartree-Fock wavefunction

and reflects the limited electron correlation in such a wavefunction. For example for
totally uncorrelated motion of the electrons we expect

Jl//(l,Z,---,N)l//*(l,2,-”,N)d’L'(?),-'-,N) =
(Jy 23Ny (1,23, M) a3 M) ) [y (1,23, Ny (1,23, N)dT (13-, V)

or, in terms of the density matrices

_1y0072,2)

T -
2 N(N-1)

2|1,2)

uncorr ( ’

Rewriting the relationship between I' and ¥ we express the effect of electron correlation
due to antisymmetry as 7(1,2)

Ly - lzhra

Ia,2 =
uncorr 2 N(N — 1)

1,2) =7(1,2)[(1,2

7(1,2)

where

2(1,2) = NN 1 [ _11.2y2,D) ]
- y(,D)y(2,2)

The analysis of the two-electron density matrix is a bit more complicated. Using the
general form for a single determinant wave-function
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_%(7(1, DY(2.2) - 7(2.)1(1,2))

and the definition of ¥ we may write for the UHF function

1,2) = P (7,7 Ja(De (De(2)ex” (2)+
PP (i 7 ya(De (DBR)BT(2) + PP (7,7) BB (Dee(2)e" (2) +
PP E)a (DB (DBR)a (2)+ PP (7,7,) B(1er " (1De(2)B"(2) +
PP E)BMB (1HBR)B (2)

UHF

where

P (7 7 ) = [p (F)p“ (%)~ ZZw(r)(p (79,79, (r)]

=l j=1
oo - = 1 (L 7
PR ) =2 p ()P ()

o= 1 “NXn% (7
PP, 1) == p" ()p* ()

N Nﬁ

o

PR, 2>——522cp (79, (F)o, (7)o, ()

i=l j=1

NﬁN

pﬁwﬁ(}v——gZme(p (7)o, ()6, (7)

and

PP (F, 2)——[ ﬂ(a)pﬁ@)—22@@)@(@@@)@‘@)}

=1 j=1

Note that P (5 FLr)= (Pﬁmﬁ( ns 2))
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PO{O{ oo

1’ 2
terminus of 7 in the volume element d¥, while simultaneously another electron, also
r, 2)a’Va’V
represents the probability that an electron with & spin will be at the terminus of r in the

r,)dV dV, represents the probability that an electron with & spin will be at the

with & spin will be at the terminus of 7, in the volume element dV,. P**(7

volume element d¥, while simultaneously another electron, with S spin will be at the

7,7)dv,dV, and PP (7 7 )dV,dV,
have similar interpretations. However its not clear how one should interpret the terms
PPPFE F)dV.dV, and PP*P (7,7, )dV,dV, . Note the normalization of these probabilities

terminus of 7 in the volume element dV/,. PPFoe (i

1’2 1’2

[ Peoe (7 7Y av, dv, = %Na (v, -1)

1

[ PP 7V, av,=—N,(N,-1)

: : 1
oo o o — B (5 —
JP (7,r,)dVv, dv, —jP (r,r)dv,dv, _EN“Nﬁ

[Pt 7 av, av, ———iZJw (F)0,(F)9, (7)), (7,)dV, 4,

i=l j=1
Since the o & Sorbitals are not eigenfunctions of the same Fock operator they need not
be orthogonal and so

A, = ,[‘P;(’7)¢./(’7)dV

and therefore

fron e =153 0,413 3|

z]/l =l j=1

In a similar fashion

J.Pﬂa;aﬂ( V)dVdV———ZZ Jji 1l:__22| |

11/1 =l j=1
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