CEM 993 Spring 2023
Assignment No. 5 (20 pts.) Due Date: April 14, 2023

1. (4 pts.) Let
S[P] = Re(¥|P)/y/ (|®)

be the overlap functional used to determine the Brueckner spin-orbitals (|®) is the IPM
state, |¥) is the exact state). Let |®) = ¢1|®) be the trial IPM wave function (C is
the single excitation operator resulting from the use of the Thouless theorem) and let
|®) represent the single determinantal state that maximizes S[®]. By analyzing the
difference S[®] — S[®], show that the first variation of S[®] at |®) = |®), i.e. 5[],
equals

55[®] = Re(W|Cy|D).

2. (2 pts.) As shown in one of our classes, the spectral representation of the reduced
resolvent R in terms of the eigenstates and eigenvalues of the unperturbed operator
Ky, |®,) and K, respectively, is

)=y [Oali®i]

n#0 ko —
Use this explicit representation of R to prove that

Q(/io - KO)R(O) = Q,

where

Q=1-P=1—|0)(D|

is a projection operator on the subspace of the Hilbert space orthogonal to the subspace
spanned by |®g).

3. (6 pts.) Use the bracketing technique to derive the formula for the 4th-order correction
to the wave function and the 5th-order correction to the energy, |\I/(()4)> and k(()5), respec-
tively, in the Rayleigh-Schrodinger perturbation theory in terms of the perturbation

operator W and the reduced resolvent R of the unperturbed operator K.

Problems 47, combined together, result in a proof of the following operator identity:

1 1
e_ABeA - [ ] 2_[[B7A]7A]+§[HB7A]7A]7A]+
> 1
- > A (1)
n times
where A and B are operators and [ , | designates the commutator. This identity is

essential in various quantum-mechanical considerations, including those relevant to
the coupled-cluster theory.



4. (2 pts.) If f(z) is a function of a complex variable z, which can be represented by a
power series (Taylor) expansion

f) =y LI

2" (2)

z=0

—n! dzm

then the corresponding function f(A), where A is an operator, is defined as

= 1d"f(2)
A=) — "
=3 S a )
n= 2=0
dO
(as usual, f2) = f(z)). For example,
dz0
> 1
A
= — A", 4
e ngo . (4)
Consider the operator
> 1
e =3 —a"A", (5)
“— n!
where x is a real variable. Use Eq. (5) to prove that
d
%e“‘ = Ae™. (6)
By the repeated use of Eq. (6) and mathematical induction show that
dn
%em =A™, n=1,2,.... (7)
5. (2 pts.) Consider the auxiliary operator quantity
F(x) = e” " Be™, (8)

where z is a real variable and A and B are operators. Note that F(1) represents
the left-hand side of Eq. (1). Just like e®? defined by Eq. (5), F(z) is an operator
function of z, i.e., it is an operator which simultaneously depends on x. In many
respects, operators of this type behave like ordinary functions. For example, the first
derivative of the product of two operator functions G (z) and Go(x) with respect to x
can be calculated as

d _(d d

(GG = (6:(0)) Galo) + Gula) o)) o)

We only have to remember that operator functions do not necessarily commute (they
are operators), i.e., one has to preserve their original ordering in writing the various
expressions of the type of Eq. (9) (note that G;(x) is always before Go(z) in Eq. (9)).
Show that the first derivative of F'(x), Eq. (8), with respect to x can be given the

following compact form:

d —zA A
%F(I) =e "B, Ale™. (10)



6. (3 pts.) Show that the second derivative of F(z), Eq. (8), can be written as

d2

5 Fa) = e (B, AL Al (11)

Use the mathematical induction to prove that

.

F(x) _ e—zA[, . [B,A], - ,A] 6$A7 n=12,.... (12)
dx™ —_——
n times
As usual,
do —zA TA
@F(@ = F(z) = e " Be™. (13)

7. (1 pt.) We can represent the operator function F'(x), Eq. (8), by the following Taylor
expansion:

1d"F(z)

F(x) = n 14
(z) nz:%x n!  dxm o (14)
In particular, when z in the above equation is set at 1, we obtain,
_ > 1 d"F(x)
F(1)=e*Bet =Y — 15
(1) =e ¢ nz:% n!  dxm™ 0 (15)

Use Egs. (12), (13), and (15) to prove Eq. (1).
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