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MANY-PARTICLE SCHRODINGER EQUATION
QUANTUM CHEMISTRY: THE ELECTRONIC SCHRODINGER EQUATION

HUx(X;R) = Ex(R)Ux(X;R)

NUCLEAR PHYSICS: THE NUCLEAR SCHRODINGER EQUATION

H,9,(X)=E,¥,(X)
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HUx(X;R) = Ex(R)Ux(X;R)
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H,¥,(X)=E,¥,(X)

N N N

H, = Z+Vy+V3(+777) = Z 2(x;)+ Z va (X, ;) + Z va (X, X5, X )(+777)
) i=1 i>j=1 i > k=1

z(x;) = Pi v2(x;, x;) =7 (Argonne v1g, CD Bonn, ldaho-A, etc.), }

or NLO, N2LO,

)
E’mi
N3LO, etc.

L ]

v3(Xi, Xj, X ) =7 (Tucson-Melbourne, Urbana IX, etc.)

MANY-BODY TECHNIQUES DEVELOPED IN ONE AREA SHOULD BE
APPLICABLE TO OTHER AREAS
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SOLVING THE MANY-PARTICLE SCHRODINGER EQUATION
m Define a basis set of single-particle functions (e.g., LCAO-
type molecular spin-orbitals in quantum chemistry obtained

by solving mean-field equations or harmonic oscillator
basis in nuclear physics)

V={p,(x),r=1...,dimV}

Exactcase :dimV = oo, inpractice :dimV < o

m Construct all possible Slater determinants that can be
formed from these spin-particle states

¢r1(X1) ¢r1(XN)
O (Xl’ XN):— . | .

n...Iy

Pr (X)) - Pr, (Xy)
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SOLVING THE MANY-PARTICLE SCHRODINGER EQUATION

m The exact wave function can be written as a linear
combination of all Slater determinants

¥, (X Xy)= ). ¢ Xy Xy)

h <<y

:Zcf‘CD,(xl,...,xN)

I
m Determine the coefficients c and the energies E,, by
solving the matrix eigenvalue problem:

HC* = E C*
where the matrix elements of the Hamiltonian are
H, =(®, |H \CI)J>=jdxl...deCD’;‘(xl,...,xN)HCDJ(xl,...,xN)

m This procedure, referred to as the full configuration
Interaction approach (FCI), yields the exact solution
within a given single-particle basis set



"

THE PROBLEM WITH FCI



"
THE PROBLEM WITH FCI

Dimensions of the full Cl spaces for many-electron systems

Mumber of correlated electrons

Orbitals 6 8 10 12

20 379 % 107 5.80 = 10% 526 = 10% 300 x 106
30 456 % 109  172%10%  4.04 x10*  62.5 x 1(0°
100 6.73 =% 10 320 102 994 % 10 2.16 x 10'7

Dimensions of the full shell model spaces for nuclei

Nucleus | 4 shells | 7 shells

“He 4E4 9Eb6
8B 4AES8 SE13
HAC 6E11 4E19

160 3E14 OE24
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THE PROBLEM WITH FCI

Dimensions of the full Cl spaces for many-electron systems

Mumber of correlated electrons

Orbitals 6 8 10 12

20 379 % 107 5.80 = 10% 526 = 10% 300 x 106
30 456 % 109  172%10%  4.04 x10*  62.5 x 1(0°
100 6.73 =% 10 320 102 994 % 10 2.16 x 10'7

Dimensions of the full shell model spaces for nuclei

Nucleus | 4 shells | 7 shells
“He 4E4 9E6

8B 4E8 5E13
12C 6E11 4E19
160 3E14 OE24

m Alternative approaches are needed in order to study the
majority of many-body systems of interest
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such as the Hartree-Fock method, ARE USUALLY INADEQUATE
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The key to successful description of atoms, molecules, condensed matter
systems, and nuclei is an accurate determination of the MANY-PARTICLE

CORRELATION EFFECTS. INDEPENDENT-PARTICLE-MODEL APPROXIMATIONS,

such as the Hartree-Fock method, ARE USUALLY INADEQUATE

ELECTRONIC STRUCTURE:

-198.4 -

-198.5 -

Energy (hartree)
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-198.6
-198.7 -
-198.8 -

-198.9 -
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NUCLEAR STRUCTURE:
Binding energy of “He

(4 shells)
Method Energy (MeV)
(q)oscll_rlq)osc ) -7.211
(q)HFlH’lq)HF) '10520
CCSD -21.978
CR-CCSD(T) -23.524
Full Shell Model | -23.484
(Full CI)




DESCRIPTION OF MANY-PARTICLE CORRELATION EFFECTS BY

SINGLE-REFERENCE MANY-BODY PERTURBATION THEORY (MBPT)

This is a short course on single-reference MBPT aimed at the following content:

1.

ok wn

o

Preliminaries: molecular electronic Schrodinger equation, Slater determinants, Cl wave
function expansions, and elements of second quantization.

Rayleigh-Schrodinger perturbation theory, wave, reaction, and reduced resolvent operators.
Eigenfunction and eigenvalue expansions, renormalization terms, and bracketing technique.
Diagrammatic representation, rules for MBPT diagrams.

MBPT diagrams in low orders (second-, third-, and fourth-order energy corrections; first-
and second-order wave function contributions).

Linked, unlinked, connected, and disconnected diagrams; diagram cancellations in fourth-
order energy and third-order wave function corrections.

Linked and connected cluster theorem and their implications.



DESCRIPTION OF MANY-PARTICLE CORRELATION EFFECTS BY

SINGLE-REFERENCE MANY-BODY PERTURBATION THEORY (MBPT)

This is a short course on single-reference MBPT aimed at the following content:

1.

ok wn

o

7.

Preliminaries: molecular electronic Schrodinger equation, Slater determinants, Cl wave
function expansions, and elements of second quantization.

Rayleigh-Schrodinger perturbation theory, wave, reaction, and reduced resolvent operators.
Eigenfunction and eigenvalue expansions, renormalization terms, and bracketing technique.
Diagrammatic representation, rules for MBPT diagrams.

MBPT diagrams in low orders (second-, third-, and fourth-order energy corrections; first-
and second-order wave function contributions).

Linked, unlinked, connected, and disconnected diagrams; diagram cancellations in fourth-
order energy and third-order wave function corrections.

Linked and connected cluster theorem and their implications.

Time permitting, we will expand on point 7 and discuss basic elements of the coupled-cluster
theory.



DESCRIPTION OF MANY-PARTICLE CORRELATION EFFECTS BY
SINGLE-REFERENCE MANY-BODY PERTURBATION THEORY (MBPT)

This will be a short course on single-reference MBPT based on the following materials:
1. Lecture notes that will be provided to you in a PDF format.

2. The online lecture series entitled “Algebraic and Diagrammatic Methods for Many-
Fermion Systems,” available at

https://pages.wustl.edu/ppiecuch/course-videos

and on YouTube at

https://www.youtube.com/results?search _guery=Chem+580&sp=CAl%253D,

recorded during my visit at Washington University in St. Louis in 2016, consisting of 44
videos (MBPT starts in lecture 28, with introductory remarks at the end of lecture 27).

1182 < B R + 6 e, 6+ 5]
la | HROWZD (\}@iz\'ﬂ_?{)P

3. Lecture notes by Professor Josef Paldus, which can be downloaded
from www.math.uwaterloo.ca/~paldus/resources.html.



https://pages.wustl.edu/ppiecuch/course-videos
https://www.youtube.com/results?search_query=Chem+580&sp=CAI%3D
http://www.math.uwaterloo.ca/%7Epaldus/resources.html

DESCRIPTION OF MANY-PARTICLE CORRELATION EFFECTS BY
SINGLE-REFERENCE MANY-BODY PERTURBATION THEORY (MBPT)

Although the use of perturbation theory to analyze the many-electron correlation
problem dates back to the seminal 1934 work by Mgller and Plesset, the Mgller and
Plesset work is limited to the second order and does not use second quantization.

OCTOBER 1, 1934 PHYSICAL REVIEW VOLUME 46

Note on an Approximation Treatment for Many-Electron Systems

Cur, Mdiier axp M. 5. Puesser,” Tnsiitut for teorelisk Fysik, Copenhagen
(Received July 14, 1934)

A perturbation theory is developed for treating a system of 5 electrons in which the Hartree-
Fock solution appears as the zero-order approximation. It is shown by this development that

the first order correction fr.w the energy and the charge density of the system is zero. The

for the

for the energy greatly simplifies because of the

spocial property of the zero-order solution. It is pointed out that the development of the
higher approximation involves only ealculations based on a definite one-body problem,

HE Hartree-Fock method! for treating a

gvstem of # electrons in a given external
ficld consists in making the approximation of
assigning to the system a wave function of the
determinantal form

alg) ealge) eilgn)

Lo fesly o e

& -E;"!')—. . . (1)
ealgn) el

where the variables ¢, represent space and spin
coordinates, and the # functions & {g) are a set
of erthogonal normalized solutions of the equa-
tion

ib(d/dl)elg) =Hot B-A}elg).  (2)

In (2) i, is the Hamiltonian for an electron in
the external field, and the matrix elements of B
and A in the g-representation are given hy?

(g Blg")
- [ [ vigemagagraielen, @

(@l 4]
- f [ 1vieareaag @ ole), @

where the matrix of p is defined by

(gl»if:—)llw.(m.-m. )

‘ National Research Fellow.

,L I’hvmk 61, 126 (1930); I'. A, M. Dirac,
26, Part 111, 376 (19230).
g is al\\ay! “uniderstoad fo include summation
aver Ihe spin coordinate,

and 17 is the interaction energy for a pair of
electrons,

As follows from the definition (5) the density
matrix p is Hermitean and obeys the equation
p*=p; (5) together with (2) give the cquation of
motion for p

ihp={Hy+B—A)p—p(Hy+B—4A). (6)

As Dirac has hasized, all probabilities can
be expressed by means of this density matrix p;
in particular the charge density at g is given by
(a]plg).

It is supposed throughout the following that
Hy does not contain the time explicitly, We may
then consider solutions of (2) and (6) which
belong to a stationary state g so that our equa-
tions become

Foe (@)= (HotB,— A, (q)
=\, 0Mg) ;
Pl =0.

(7)
(8)

It is clear that the form of the operator F,
depends on the stationary state considered. The
energy of the system is, in the present approx-
imation, given by

W=D {p(H+34B,—34,)],

Fopp—

)

where I denotes the diagonal sum. The corre-
sponding wave function for a stationary state of
the whole system is an eigenfunction of the
operator

= & O+ B, 0= 4,0} =3 F,0,  (10)
i=1 =1

¥ Dirac, Proc. Camb. Phil. Soc. 27, Part 11, 240 (1930).

618



DESCRIPTION OF MANY-PARTICLE CORRELATION EFFECTS BY
SINGLE-REFERENCE MANY-BODY PERTURBATION THEORY (MBPT)

They key original papers most relevant to this presentation of MBPT are:

36 D. H.
after these corrections and that for compound nucleus
contribution a similar discrepancy yet remains, it is in
the sense to correspond to a greater reduced width for
neutrons (in C¥) than for protons (in N%); i.e, “the
neutrons stick out further than the protons.” Such an
effect has been suggested for heavier nuclei, though it
would be very surprising to find it holding for so light
a nucleus as 4 =13,

An estimate of the course of the cross section for the
reaction C#(d,f)C" was made on the basis of compound
nucleus formation by assuming, as before, that the
whole of the cross section for C¥(d,n) N at low deuteron
energies involves compound nucleus formation. On the
assumption that the reduced width for triton emission

WILKINSON

probability of the deuteron’s losing a nucleon to the
nucleus and removing one from it. As yet no sufficiently
reliable theory of (df) pickup exists to warrant a
comparison being made with these results. It is interest-
ing to note that, at Es=3.3 Mev, the angular distribu-
tion of the reaction C¥(d,f)C" is such as to suggest that
a direct b already pred

It is interesting to compare these results with those
of Cohen and Handley® on (#.0) reactions. These authors
guggest that triton emission from a compound nucleus
state has an inherent probability comparable with that
for single nucleon emission. They base this argument on
the rather flat angular distributions sometimes obtained
which, they remark, tell against a pickup process, How-
ever, this conclusion is no longer valid when the energy

is as great as that for neutron emission (the ption
of “preformed” tritons), we predict the dashed line of
Fig. 2—in which the coming into play of successive
residual states of CY has been allowed for and the
associated irregularities smoothed out. It is seen that
even under the very unplausible assumption of the
existence of preformed tritons, compound nucleus
theory fails by an order of magnitude to explain the
observed CY formation. We are forced then to assume
that this (d,!) reaction proceeds by some pickup mecha-
nism and that we are indeed measuring the relative

of one or both the charged particles concerned is of the
order of or below the Coulomb barrier; here a direct
mechanism can give a sensibly isotropic angular dis-
tribution. It appears that considerable interest attaches
to the resolution of this question of the mechanism by
which tritons and similar complicated particles are
emitted from nuclei in events of moderate to high
energy.

*B. L. Coben and T, H. Handley, Phys. Rev. 93, 514 (1954)

PHYSICAL VOLUME 100, NUMBER 1 OCTOBER 1, 1955

Many-Body Problem for Strongly Interacting Particles. II. Linked Cluster Expansion*
K. A. BRUECENER
I'ndiana Universily, Bloominglon, Indisna
(Received April 28, 1955)

REVIEW

An app method developed fously to deal with many particles in strong interaction is
examined in further detail. It is shown Ihar. the series giving the i s isa ina
sequence of linked or irreducible chuster terms cach of which gives a cunlnhulwn to the energy pmpwllmal
to the total number of particles. C. the c B of the pendent of the total
number of particles. The origin of this slmple feature is llluslmed by showing lhal. a similar situation exists
in the expansion of standard perturbation theory. Thy of the is quanti-
tatively discussed for the nuclear problem where it is d-uwn that the correction arising from the first cluster
term involving three particles is less than the leading term by a factor of about 1074 The smallness of the
correction is largely a result of the action of the exclusion principle.

I. INTRODUCTION

IN a previous paper' (to be referred to as 1) we have
given a method for reducing approximately the many
body problem for strongly interacting particles to a
problem of seli-consistent fields. Some of the physical
content and origin of the method were discussed there
and the nature of certain correction terms which can
be neglected for very many particles was discussed.
We shall in this paper examine the structure of another
type of correction term which arises from interaction

* Supported in part by a grantTirom the National Science
Foundation.

K. A. Brueckner and C. A. Levinson, Phys, Rev, 97, 1344
(1955).

of clusters of particles and in so doing exhibit the gen-
eral structure of the expansion involved. This will also
allow us to draw some general conclusions about the
convergence and accuracy of the method,

In Sec. TI, we shall briefly summarize the relevant
formulas from I and describe some difficulties which
appear in high-order terms in the expansion for the
energy which can be removed by a simple modification
of the many-body propagation function. In Sec. 111, we
show how similar terms appear to arise in the usual
perturbation theory but that they cancel identically,
in a manner simply related to the cancellation discussed
in Sec, IL. In Sec. IV, we summarize these results and
show how they may be generalized into a simple pre-
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(1955).

Derivation of the Brueckner many-body theory

By J. (GOLDSTONE
Trinity College, University of Cambridge?

(Communicated by N. F. Mott, F.R.S.—Received 24 August 1956)

An exact formal solution is obtained to the p of a system of fermions in interaction,
This solution is expressed in a form which avoids the problem of unli 1 elusters in many-
body theory. The technigque of Feynman graphs is used to derive the series and to define
linked terms. The graphs are those appropriate to a system of many formions and are used to
give a new derivation of the Hartree-Foek and Brueckner methods for this problem.

1. INtTrRODUCTION

The Hartree—Fock approximation for the many-body problem uses a wave function
which is a determinant of single-particle wave functions—that is, an independent-
particle model. The single- particle states are eigenstates of a particle ina potential V',
which is determined from the two-body interaction » by a self-consistent caleulation.
The Brueckner theory (Brueckner & Levinson 1955; Bethe 1956; Eden 1956) gives an
improved method of defining ¥ and shows why the residual effects of v not allowed for
by V can be small. In particular, in the nuclear problem the corrections to the energy
are small, even though the corrections tothe wave function are large. The theory thus
gives a reconciliation of the shell model, the strong two-nucleon interactions, and the
observed two-body correlations in the nuclens. The smallness of the corrections is
due to the operation of the exclusion principle. Bethe (1956) has shown that this
same exclusion effect makes even the Hartree—Fock approximation good for quite
strong interactions, such as an exponential potential fitted to low-energy nueleon-
nucleon seattering.

The first problem on which caleulations have been made is that of ‘nuclear
matter’, that is, a very large nucleus with surface effects neglected (Brueckner
1955a; Wada & Brueckner 1956). In this problem the aim is to show that at a fixed
density the energy is proportional to the number of particles, and that as the density
is varied the energy per particle has a minimum at the observed density of large
nuclei, and that this minimum value gives the observed volume energy of large
nuclei. The single-particle wave functions are plane waves, and the potential V is
diagonal in momentum space (in contrast to the ordinary Hartree potential which
is diagonal in configuration space). The independent-particle model state is a ‘ Fermi
gas’ state with all the one-particle states filled up to the Fermi momentum & which
depends only on the density.

Brueckner & Levinson’s derivation, and that of Eden, is based on the multiple
scattering formalism of Watson (Watson 1953). The proportionality of the energy
of nuclear matter of a given density to the number of particles follows at once from
the theory provided certain terms which represent several interactions occurring

1 Author’s present address: Institut for Teoretisk Fysik, Blegdamevej 17, Copenh
[ 267 ]
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I The description of collective motions in terms of many-body
36 perturbation theory
after these correctio By J. HUBBARD
contribution a simili A
the sense to corresp Atomic Energy Research Establishment, Harwell, Didcot, Berkshire
neutrons (in C¥) th t
ey oy oyl (Communicated by R. B. Peierls, F.R.S.—Received 2 February 1957)
would be very surpr An exae
a nucleus as A=13. This solu In this and a succseding paper it is shown how a themy equwalent to the Bohm & Pines
An estimate of the body the collective motion theory of the electron plasma can be d y from a |
reaction C#(d,f)C" v '-‘fﬂ“‘d“ series which gives in prineiple an exact solution of the many-body problem This result is
nucleus formation 1 Bive & o attained by making use of a diagrammatic method of analysis of the perturbation serics, By
whole of the cross sec & process analagous to the elimination of photon self- -energy parta fmm the elwtrodymmw
energies involves con & matrix it is found muhle tosimplify the parturbatmn series, 8
assumption that the tion the A useful ion for this modifi d interacti can be
is as great as that for The H set up, and it is shown how the energy of the syswm ean be expressed in terms of the modified
of “preformed” tritc artre tion, The close this app h and the dielectric theory of plasma
Fig. 2—in which th which is a oscillations is indicated.
residual states OIL C part.icle mc
associated irregularii . 1. INTRODUCTION
even under the ver whichisde
existence of prefor The Bruec] Within recent years much attention has been given in the study of the quantum
;',;;Fgof,"(':ﬁ.'}{,:,“&l‘; improved r mechanical many-body problem to the collective modes of motion which may be
that this (d,/) reactio by V can be present (Bohm & Pines 1953; Tomonaga 19535; Bohr & Mottelson 1953). Two main
nism and that we 2 aresmall, e theories of collective motion have been developed, that of Tomonaga (1955), and
gives arecc the superfluous co-ordinate type of theory introduced by Bohm & Pines (1953). In
eHvsicaL REVI observed t the Tomonaga theory a transformation of variables is made in such a way that some
due to the of the new co-ordinates are directly related to the collective modes of motion, whilst
Many-Body Pr same exclu the remaining new co-ordinates are associated with internal modes of motion. In the
strong inte superfluous co-ordinate treatment certain auxiliary variables are introduced
nucleon se together with an equal number of subsidiary os}nd{'tions to preserve the correct
The firsi number of degrees of freedom, and a transformation is made in such a way that the
n 80Dt matter’, t] new a.l:lxi]iary variables are related to the oolle(ftive motion,. whilst the original
sequence o 19552; Wa co-ordinates when transformed are related to the internal motion. If the collective
!-:lmlfn-ro{ densit;r the modes being studied have real physical significance, then it will be found in both
o is varied t] these methods that the Hamiltonian is, to a good approximation, separable
term invol . . in the new co-ordinates, and a separation of the collective motion is thereby
correction nuclei, anc btained
nuclei. The phiuineds ,
L diagonal in Though these methods are quite successful, they have certain unsatisfactory
N a previ hous pept . chg onal features. In the Tomonaga method it is generally found that when the Hamiltonian
,md‘)’,“;;';:,;:g tor + 8 ’agm:e has been separated the problem of finding the eigenvalues of the internal motion
problem of seli-cons ﬁ:s sds v part is very difficult. In the superfluous co-ordinate treatment one does not meet
content and origin o geﬂ lff with this difficulty but with an equivalent one; this is that it is difficult to find
be neglected for ve rueckn eigenfunctions satisfying the subsidiary conditions. In addition, both theories
We shall in this papt scattering suffer from the difficulty of not being able to treat very easily the interaction between
type of comection t of nuclear) the collective and internal modes of motion, or the intimately related problem of
FenSupported n part the theory the damping of the collective motion; where the damping is small this is not a very
1 K. A. Brueckner an
(1955), 1 Author [ 539 ]
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I The descript Hugenholtz, N, M. Physica XXIII
1957 481-532
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whole of the cross sec a process analog
energies involves con & matrix it iz four Instituut voor th ische fysica der iteit, Utrecht, Nederland
assumption that the tion between the
is as great as that for set up, and it is sl
of “preformed" tritc Th'_a H?rt'ﬂ interaction, The Synopsis
Fig. 2—in which th which is a oscillations is ind The time-independent perturbation theory of quantum mechanics is studied for the
residual states of C particle mc case of very large systems, i.e. systems with large spatial dimensions (large volume
associated irregularil hichisd ), and a large ber of degrees of freedom. Examples of such systems are met with
even under the ver whiehis de L in the quantum theory of fields, solid state physics, the theory of imperfect gases and
e;lslenc{e ‘Iofh prefor The Bruec] Within recent ye: in the theory of nuclear matter. Only systems at or near the ground state (i.e., systems
.‘,gﬁw’@. f?:,—:.nm? improvedr mechanical many at zero te_mpemture) are treated in this paper. In the application of thg v :."_.,.:
that this (d,{) reactio by V can he present (Bohm & perturbation theory to such large quantum systems one encounters difficulties which
nism and that we 2 theori are connected with the fact that even small perturbations produce large changes of
eories of colleet . P .
aresmall,e the energy and wave function of the whole system. These difficulties manifest them-
gives arecc the superfluous cc selves through the oceurrence of terms containing arbitrarily high powers of the volume
R . observed t the Tomonaga the £2in the perturbation exg of physical quantities. An ext ly bad convergence
PHYSICAL REVI due to the of the new co-ordi of the perturbation expansion is the result.

Many-Body Pr th . e For the analysis of the 2-dependence of the terms in the expansion a new formulation
same exclu 10 TEIAINIE new of the time-independent perturbation theory is used, which was introduced by Van
strong inte superfluous co-o1 Hove. Maki: ive use of diag to rep the different contributions to
nucleon sc: together with an matrix elements it is possible to locate and separate the -dependent terms, and to

number of degree: carry out partial summations in the original expansion. These separations and sum-
An sppt The firsi ilia mations solve the above difficulties completely. Improved perturbation theoretical
examined i matter’, tl new m_‘]x Iy va expressions are obtained for energies and wave functions of stationary states, as well
“‘?‘;“’"f:l“ 195503 Wa co-ordinates wher as for the life-times of metastable states. All terms in these expressions are, in the
:.?.L1=.L~r,; . h modes being stud limit of large £, either independent of 2 or proportional to 2, corresponding to in-
in the exp denmty the these methods tl tensive or extensive physical quantities. The convergence of the improved perturbation
tatively di i 3 s 5 R
oo ié'm is var.md t.! in the new co-or expansions is no longer affected by the large magnitude of 2.
correction nuclei, anc .
. obtained.
L nuclei. The Though these CHAPTER L. INTRODUCTION
] diagonal in ,
N a previous pap g ) . . .
givgm method fe is diagonal features. In the T I. The problem. This paper is devoted to the perturbation theory of
body problem for s gas’ state v has b.een SBP&_‘““ large quantum systems f.e., quantum systems which have large spatial
Pm‘"“’t“ of d*“."_"“s depends or part is very diffic dimensions and a large number of degrees of freedom. The systems met with
;T.zwl'l'.ca:mf:elg‘:?z Brueckn with this difficult in the quantum theory ot fields are, as is well known, of this type. Also in
be neglected for ve ttors eigenfunctions sa other branches of physics, such as quantum statistics and the Fermi gas
:*" Shc;’;n n ”"f."“": SEfm' 11'mg suffer from the dif model of heavy nuclei, one has to deal with such large systems. We shall in this
10n .
fpe 97 comecte ol nuclears the collective and paper only be interested in systems at or near the ground state. Our results
FenSupported n part the theory the damping of th are, therefore, only applicable to quantum systems at zero temperature.
LK. A. Brueckner an
(1955). 1 Author
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DESCRIPTION OF MANY-PARTICLE CORRELATION EFFECTS BY
SINGLE-REFERENCE MANY-BODY PERTURBATION THEORY (MBPT)

They key original papers most relevant to this presentation of MBPT are:

I The descript Hugenholtz, N, M. Phusiea XXTIT
36 1957 Nuclear Physscs 15 (1960) 16—32, (€) North-Holland Publishing Co., Amsterdam
Not to be duced by ph or fim wnthout wnitten permussion from the publisber
after these correctio
contribution a simili
the sense to correspx Atomic E
neutrons (ip CY) th ((
neutrons stick out f
effect has been sugg (Commun
;"ﬂ‘:,lge‘z ;:“{i";}” ?‘1'::': ::'IL\ In this and MANY-BODY BASIS FOR THE OPTICAL MODEL
A= . n Al a s
An estimate of the body th lecti i {
reaction CHHCH ¥ linked te oetios which give LEE M. FRANTZ ! and ROBERT L. MILLS
nucleus formation 1 give a ni attained by maki The Ohto State Unsverssly, Columbus, Ohiwo 1t
whole of the cross sec a process analog
energies involves cor S matrix it is four Instituut v Received 1 October 1959
assumption that the tion between the
; . , and it is s}
:faf;:;:.::;;‘ﬂr’;ﬂ The Hartre ?::;2‘:;“"?]:8‘ Synopsis Abstract: A formal expresswn 15 derived for an optical model potential based on an assumed
Fig. 2—in which th which is a oscillations is ind The time-indeper two-body inty between 1 which p an exact description of the elastic
residual states of C article me case of very large of a single nucleon by a closed shell {or closed shell +- 1) nucleus. A second-quantiz-
associated irregularii p A 2), and a large nun ed description 15 used for the many-fermuon system, the true state vector being expanded 1n
even under the ver whichisde in the quantum the terms of a complete set of single-particle model wave functions. Ehmination of the vanables
existence of prefor The Bruec] Within recent ye: in the theory of nuc of all but the scattered leon yields a weigl M which satisfies a one-body Schré-
theory {alis“hy an o improved 1 mechanical many at zero temperatur dinger equation, whose S-matnx elements are ‘identical with those of the true S-matrix
observed C'' formati 4 (Bohm & perturbationI theor between states corresponding to elastic scattering. The effective optical model potential 15
hat this (d,! i TESen m N dentified Schrid t -
that t lsd( h) r!:alctm by V can be P : ( are connected with from this and 15 found, of course, to be complex and non-
nism and that we a aresmall, e theories of collect the energy and wa' local It nontmnsalltheeﬂe.cuofthoexclusmn principle, and1s1n the form of a linked-cluster
givesa reec the superfluous cc  selve through thec perturbation expansin, so that the spurous duvergence of Brilown Wigner perturbation
- v observed t the Tomonaga the £2in the perturbati
FHYSICAL REVE due to t} of the new co-ordi of the perturbation
Many-Body Pr e to the the remaining nev For the analysis ¢ 1. Introduction
same exclu " ng of the time-indeper
; superfluous co-o1 X i . N . . .
strong inte t-céethar with an ﬁ:;; :J‘:;:ngt:?: In this paper a derivation of the optical-model potential will be presented
nucleon se number of de carry out partial s starting from the Brueckner-Bethe-Goldstone treatment 232) of the nuclear
An appr The ,ﬁm' new auxiliary va mations solve the many-body problem. The rigorous equivalence of the optical-model and many-
examined i matter’, tl . vy expressions are obf body descriptions of elastic scattering of a nucleon by a nucleus has previously
sequence o LW co-ordinates wher as for the life-time . .
to the tota 1955@; Wa modes being stud limit of large 2, ei been shown by others 4). A different approach is adopted here, which results in
in the exp: density the these methods ] tensive or extensive an explicit prescription for calculating the optical potential by the use of
tatively di : : : : A . . . . . .
tem vl :fu‘(:i;leir:ﬁc! in the new co-or expansions is no lo Goldstone d}mgram& This E;iscnp;mn m;otl)vesB a l;;l]l-:.ed ;l:iter [Ra.lg:llegh-
N obtained. Schradinger) expansion similar to that used by Brueckner in calculating
L ;}10131- Th( Though these : properties of static nuclei t). Tl_le exclusion pnncxple‘ls taken fully into accm?nt
N a previous pap cliagonal in features. In the T 1. The problen and it will be seen that one of its effects on the qualitative nature of the opu_cal
givena method fo is diagonal has been te ) potential 1s immediately evident from the formal expression for the potential.
body problem for s ' state separa/ large quantum ! e . . . e
blem of seli-cons gas s N art is very diffic f . Specifically, the optical potential contains a projection operator which makes
problem of seli-cq depends or P Ty dimensions and a . . : i
r:-:!tcl:; annadl Drigin o pe with this difficult in the quantum the optical wave function orthogonal to the ooc‘:pled states of the nuf:leus. as
be neglected for ve Br"‘e_ckn eigenfunctions sa other branches ¢ described by a suitably chosen independent-particle model. On the basis 0!' ?h:s
We shall in this pap scattering guffer from the dif model of heavy n property of the optical potential it has already been suggested that a modifica-
type of correction t of nuclear) the collective and paper only be inf tion be made in the usual scattering analysis by means of phenomenological
FenSupported n part the theory the damping of th are, therefore, or optical-model potentials ).
1K, A. Brueckner an
(1955). 1 Author t Now at the Ramo-Wooldridge Corf Los Angeles, Cal
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DESCRIPTION OF MANY-PARTICLE CORRELATION EFFECTS BY
SINGLE-REFERENCE MANY-BODY PERTURBATION THEORY (MBPT)

They key original papers most relevant to this presentation of MBPT are:

I The descript Hugenholtz, N. M. Formulae for Non-degenerate Rayleigh-Schrédinger Perturbation
36 1957 Nu Theory in any order
Not
after these correctio By R. HUBY
fﬁﬂ's’::';f'f;’ :o::,:;: Atomic E Department of Theoretical Physics, University of Liverpool
1 : (1 o
eutrons St out « " MS. veceived 13th February 1961
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would be very surpr An exac . ' ] )
a nucleus-as A=13. This sol In this and a sat MAN  goact. Itis shown that Bloch’s solut}t:ﬁ for the nth order perturbation of the
An estimate of the body the sollsctive motion | energy and the eigenvector in the Rayleig —Sch.rt{dmgels perturbation theor)t of
reaction C*(d,f)C" v linked te series which give non-degenerate, discrete levels can be expressed in a different form, of a kind
nucleus formation 1 give a ni attained by maki
whole of the cross sec a process analog _ suggested by Brueckner, and some advantages of the latter form are presented.
energies involves con & matrix it iz four Instituut v
assumption that the tion between the
is as great as that {m sot up, and it is al .
of “preformed” tritc The Hartue interaction, The Synopsis Abstract: A form
Fig. 2—in which th which is a oscillations is ind The time-indeper two-body m!te § 1. INTRODUCTION
ﬁ:}tjlﬂaié‘ particlemc cgam :;w]ry large 3:1‘::1%:.0: HE many-body problem has stimulated interest in the systematic formu-
even under the ver whichis de inj't:e q:a::ﬁzl"t':: terms of a corr lation of the higher order terms in Rayleigh-Schrédinger perturbation
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that this (d,) reactio by V can be present (Bohm & Perturbation thean rdentified fron H=H,+H .. m
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gives arecc the superfluous cc selves through the ¢ tlhmqu,b::,m;; series in ascending powers of H'. The case most studied has been that of a
e v observed t the Tomonaga the £2in the perturbatic system of many particles the interactions between which constitute H', and
PHYSICAL REVI N yp
due to the of the new co-ordi °r;h° P:‘ t“’;“t'_"“ important perturbation developments appropriate to this particular case have
Many-Body Pr same exclu the remaining new of mozttiam:'lnf'“ been made (e.g. Goldstone 1957), However, some attention has also been paid
. rfluous co-o1 Hove Mmﬂg?:: to the formulation of the solution to the general problem (1). Bloch (1958)
t supe ) - 1 - - - -' .
* mln % mff together with an matrix elements it In‘t}us papel has presented an elegant formulation, which leads to a quite simple expression
nu; eon o number of degree: carry out partial s starting from t for the sth order energy or state vector when the problem is ‘non-degenerate’
An apps he ,ﬁ.ml new auxiliary va mations solve the many-body pro [i_.e. when we study the shift of a non-degenerate unperturbed energy level). A
e matter’, ) co-ordinates wher e"p":sst‘h":s]_?:_"ﬁ“bt‘ body descriptio  Gifferent prescription for writing down the energy shifts in the first few pertur-
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correction nuclei, anc adi Brueckner for the energy can in fact, with small modifications, be extended
nuc]ci, The obtained. Schr . T) & Up to any arbitrary order; and that it can also be adapted to yield formulae for
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a0k A- Brusckoer an + Author + Now at the 1
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"
DESCRIPTION OF MANY-PARTICLE CORRELATION EFFECTS BY
SINGLE-REFERENCE MANY-BODY PERTURBATION THEORY (MBPT)

They key original papers most relevant to this presentation of MBPT are:

K. A. Brueckner, Phys. Rev. 100, 36 (1955).

J. Goldstone, Proc. R. Soc. Lond., Ser A 239, 267 (1957).
J. Hubbard, Proc. R. Soc. Lond., Ser. A 240, 539 (1957).
N. M. Hugenholtz, Physica 23, 481 (1957).

L. M. Frantz and R. L. Mills, Nucl. Phys. 15, 16 (1960).

R. Huby, Proc. Phys. Soc. 78, 529 (1961).

The discussion of the Rayleigh-Schrodinger perturbation theory and reduced
resolvents, especially in the video lecture series, is taken from P. O. L6éwdin, in
Perturbation Theory and Its Applications in Quantum Mechanics, edited by C. H.
Wilcox (John Wiley & Sons, New York, 1966), pp. 255-294, and references therein.



KEY THEOREMS OF MBPT
Linked cluster (diagram) theorem (Brueckner, 1955; Goldstone, 1957)

1 NG (RgW)kfI)o + renormalization terms
— (R ] g, (k= 12,000,
MBPT<
AEKD — ((I>0|W(R0W)k|(bo> + renormalization terms
\. - <(I)O| [W(ROW)k}Cronnected |(D0> ’ (k - 1’ 2’ o )

Connected cluster theorem (Hubbard, 1957; Hugenholtz, 1957)

U=e'd, T= iZ{(ROW)k}C

k=1 C
C' & connected diagrams (including EPV terms)

O Finite-order MBPT calculations lead to a size extensive description of many-fermion
systems, so that no loss of accuracy occurs when the system is made larger.

O One can generate the entire infinite-order MBPT series via the exponential wave
function ansatz of coupled-cluster theory, which is size extensive and which can be
made size consistent if the reference determinant is separable.




Although the initial proposals suggesting the use of the exponential wave function
ansatz of coupled-cluster theory in the context of the many-fermion correlation
problem (especially, in nuclei) date back to 1958 and 1960,

Nuclear Physics 7 (1958) 421-—424; © North-Holland Publishing Co., Amsterdam

Not to be reproduced by photoprint or microfilm witheut written permission from the publisher

BOUND STATES OF A MANY-PARTICLE SYSTEM

F. COESTER
Department of Physics, State University of ITowa, Towa City, Towa

Received 10 April 1958

Abstract: Rigorous formal solutions of the bound state Schrodinger equation are constructed
in terms of an arbitrary complete set of single particle wave functions. From these
solutions one sees without effort that the Rayleigh Schrédinger perturbation expansion
of the energy does not contain matrix elements represented by products of unlinked
diagrams. The components of the state vector are related in a simple manner to functions
represented by linked diagrams only.

The validity of the Brueckner approximation to the bound state energy
of a many particle system depends on the absence of ‘‘unlinked clusters”
in the perturbation expansion of this energy. Brueckner 1) has shown that
such terms are absent from a few orders of the perturbation series. General
proofs for all orders of the perturbation series have been given by several
authors 2-%). All these proofs are based on a detailed inspection of pertur-
bation terms of arbitrary order, The purpose of this note is to cast the basic
equations inte such a form that the absence of unlinked terms from the
energy becomes evident without detailed inspection of all #’th order
perturbation matrix elements.

We are concerned with the formal perturbation expansion of the bound
state 2 of a many particle system in terms of the eigenstates of a suitable
independent particle Hamiltonian H,. The expansion in powers of the
perturbation W = H—H, need not converge. However, if the interaction
potential is bounded, the periurbation expansion of the state 2,,

(H0+77W)Q,, = E"Q” 1)
converges for sufficiently small #, 0 <t = 1. There is an unambiguous
correspondence between {2, and the zero order eigenstate ¢ defined by t
¢=1lmQ,,

7=0
Hyd = Eyé.
The formal properties of the terms in the perturbation series are the same
for all values of %. After a suitable selective summation of the leading terms
in the series 2) the limit 5 — 1 may exist even if it did not exist for the
original series. The correspondence ¢ «— £ persists. ¢ is the “model state”
of Eden and Francis ¢) and the “chosen configuration” of Bethe 7). For an
t For proof of these statements see for instance F. Riesz and B. Sz. Nagy, ref. ).
421
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SHORT-RANGE CORRELATIONS IN NUCLEAR
WAVE FUNCTIONS

F. COESTER
Depariment of Physics and Astronomy, State University of Towa, Iowa City, Iowa
and
H. KUMMEL
Max Planck Institut fiivr Chemie, Mainz, Germany 1

Received 18 February 1960

Abstract: We assume that the ground state wave functions of a closed shell nucleus is approxi-
mated by a Slater determinant in the restricted region of configuration space where all
internucleon distances are larger than a certain ‘‘healing distance’”. The remainder of the
wave function is given in terms of a series of cluster functions. The overlap integral between
the correct wave functions and the Slater determinant is small and depends on the higher
cluster functions in a complicated manner. Nevertheless we can show that the one- and
two-body density matrices are well approximated by expressions involving only the singie-
particle wave functions and the two-body cluster functions, The Schrédinger equation yields a
coupled set of equations which determine the cluster functions as well as the single-particle
wave functions.

1. Introduction

In any attempt to relate the nuclear shell model to the many-body problem
with two-body forces the question arises whether the shell-model state &
approximates the corrvect state vector W in some sense or whether there is
merely a certain correspondence !) between them. The overlap integral between
the two wave functions is known to be small for large nuclei 2-4). On the other
hand there are good reasons to believe that the two functions approximate each
other if all particles are sufficiently separated ?). It is the purpose of this note to
exploit the mathematical consequences of such a relation, and discuss a formal-
ism which allows us to calculate corrections to the shell model wave functions
by perturbation theory for separated particles while using different approxi-
mations where two or several particles are close to each other. The results of such
a procedure must, of course, be related to the well-known selective summations
of the perturbation series *%-'°). We restrict ourselves to ground states of
closed shell nuclei where we expect no long range correlations in the wave
functions and non-degenerate perturbation theory is applicable. In the middle
of the shell one must account for the well known collective features of the wave
function as well as for the short range correlations. This problem will be dealt
with a later paper. Nuclear matter is not an idealization of a closed shell nucleus.

t Work supported in part by the U. 5. Atomic Energy Commission.
477



the paper that led to the wide-spread use of coupled-cluster theory and its
diagrammatic formulation, especially in the context of the many-electron
correlation problem, is the 1966 article by J. Cizek:

THE JOURNAL OF CHEMICAL PHYSICS VOLUME 45, NUMBER {1 1 DECEMBER 1966

On the Correlation Problem in Atomic and Molecular Systems. Calculation of

‘Wavefunction Components in Ursell-Type Expansion Using Quantum-Field
Theoretical Methods

Juit Cizex®
Tustitule of Physical Clemistry, Cechoslovak Academy of Sciences, Prapue, Crechoslovahic
(Received 17 May 1966)

A method is suggested for the calculation of the matrix elements of the logarithm of an operator which
gives the exact ion when ing on the fi ion in the one-electron approsimation. The
method is based on the use of the crcmm\ nnd annihilation operators, hole-particle formalism, Wick’s
theorem, and the technique of Feynman-lik The c ion of this method with the cauﬁg'urahnn—
interaction method as well as with the perturbation theory in the quantum-field theoretical form is dis-
cussed. The method is applied to the simple models of mtrogcn and benzcne molecules, The results are
compared with those obtained with the configuration-interaction meth ing all possible configura-
tions within the chosen basis of one-electron functions.

I. FORMULATION OF THE PROBLEM

ET us consider a system consisting of fixed atomic

nuclel and 2n electrons. Let us further exclude
from our considerations systems having a degenerate
ground state. Then, neglecung relativistic and mag-
netic effects, the Haml]tuman H of our problem is given
by the following equations:

0
2

where £, is a one-particle operator corresponding to the
sum of the kinetic and nuclear field energy, and # ;
is a two-particle operator of the interelectronic Cou-
lombic repulsion.

Our problem is to find the ground-state eigenvector
and the corresponding eigenvalue of the Hamiltonian
1

A\9)=E|%). (3)

In order to solve this problem the wavefunction | ¥} is
written in the following form

| ¥)=exp() | @), (4

where | &) is the ground-state wavefunction in the one-
patticle approximation. This form of the wavefunc-
tion™* is connected with the so-called Ursell-type
expansion. The use of an expansion of this type for the
study of the electronic structure of atoms and mole-
cules was suggested by Sinanofhu.?
In this article, equations for the matrix elements
cf the operator T are derived using quantum-field
* Part of this study was carried out during the author's stay
in lhc Centre de Mécanique Ondulatoire Appliquée, Parls, France,
LF. Coester and H. Eilmmel, Nucl. Phys. 17, 477 (1960).
1H. Kiimmel, Lectures on The Many-Body Pmbhm, E. R.
Ca.\ome.lin Ed. {Academic Press Inc., New York, 1962, p, 265.
. Sinanod i, J. Chem. Phys. 36, "706 (1962) ; Advan. Chem.
Phys 6, 315 (1064
+H. Primas, Lecture prepared for the Istanbul International
Summer School of Quantum Chemistry, 1964 (preprml)
i . da Pravidencia, Nucl. Phys. 61, $7 (196

theoretical concepts, namely, (1) the creation and
annihilation operators, (2) the hole-particle formalism,
{3) the time-independent Wick theorem and the dia-
gram technique,

In addition, the connection of the proposed method
with both the configuration-interaction method and the
perturbation theory in the quantum-field theoretical
form®* are shown. This comparison demonstrates the
usefulness of the Ursell-type expansion of the exact
wavefunction.

II. BASIC TERMS AND DEFINITIONS
Let us introduce a complete set of orthonormal spin-

orbitals
[d)=1la}|a) 5

where | a) and | «) designate the space and the spin
parts of the spin-orbital | 4 ), respectively. Generally,
capital letters are used to designate spin—orbitals,
lower-case letters are associated with orbitals, while
letters of the Greek alphabet are reserved for spin
functions. In addition to this general system of spin-
orbitals (5), we use spin—orbitals whose space parts are
eigenfunctions of the operator
(2+) | a)=wa | a), (6)

where 4 is an arbitrary spin-independent one-particle
Hermitian operator, Let us note explicitly that Hartree-
Fock spin—orbitals fall within this class.

The creation and annihilation operators defined on
the system of spin-orbitals {3) are designated
and X4, respectively. These operators satisfy the
following anticommutation relations:

XXXt =0,

XAX'B'FXBXA:U:
R R+ R Xat= (4] B). (7)
¢ J. Goldstone, Proc. Roy. Soc. (Londen) 239, 267 (1957).

7V. V. Talmachev, “The field form of the perturbatmn theary
applied to many electron problems of atoms and molecules,”
University of Tartu, 1963 (in Russian).
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If time permits, we will talk about it, at least a little, after discussing MBPT.
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