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Midterm Exam II

Deadline for Submitting Solutions to the Instructor: December 6, 2023, 4:10 pm EST
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INSTRUCTIONS

• The maximum number of points that you can earn in this exam is 25. 25 points earned in this
exam are equivalent to 250 points out of 1000 points constituting the final grade (i.e., 25 % of
the final grade). In other words, 1 exam point earned in this exam is equivalent to 1 % of the
final grade.

• Check that your booklet contains all 20 pages. The last page 20 contains a few potentially
useful formulas.

• Write your name and student ID number in the spaces provided above.

• Answer in the spaces provided. Use the extra pages 18-20 for additional space, if necessary. If
you have technical difficulties with directly using this exam booklet, write down your solutions,
as you normally do in the case of homework assignments, but do not forget to write your name
and student ID number on the first page of your exam. Return your exam (this booklet or
your own pages) to the instructor using the deadline described above. Late exams will not be
accepted.

• Show ALL your work. Insufficient justification will result in a loss of points.

• Do not write anything in the score table given below.

Problem Score

1 /8

2 /5

3 /6

4 /6

Total /25
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1. (8 pts.) Let un(x) be the n-th eigenstate of the quantum harmonic oscillator,

un(x) = NnHn(ξ)e−
1
2

ξ2

(n = 0, 1, 2, . . .),

where

Nn =

(
α

2nn! π
1
2

)1
2

,

ξ = αx, α =
(mωc

�

)1
2
,

and Hn are the Hermite polynomials (ωc is the angular frequency of the corresponding classical
harmonic oscillator and m is its mass). It can be shown that

〈un|x̂|um〉 =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

1

α

(
n + 1

2

)1
2

for m = n + 1

1

α

(n

2

)1
2

for m = n − 1

0 otherwise (m �= n ± 1)

. (1)

(a) (6 pts.) Use Eq. (1) and the generalized Parseval relation or the resolution of identity for
eigenstates |un〉 to prove that

〈un|x̂2|un〉 =
1

α2
(n + 1

2
),

〈un|x̂2|un+1〉 = 0,

〈un|x̂2|un+2〉 =
1

2α2
[(n + 1)(n + 2)]

1
2 .

(b) (2 pts.) Use Eq. (1), the above expressions for matrix elements of the x̂2 operator, the
generalized Parseval relation or the resolution of identity for eigenstates |un〉, and the fact that
one can write x̂3 as a product of x̂2 and x̂ to show that

〈un|x̂3|un+1〉 =
3

α3

(
n + 1

2

)3
2

.

Solution
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2. (5 pts.) Let un(x) be the n-th normalized eigenstate of the quantum harmonic oscillator,

un(x) = NnHn(ξ)e−
1
2

ξ2

(n = 0, 1, 2, . . .),

where

Nn =

(
α

2nn! π
1
2

)1
2

,

ξ = αx, α =
(mωc

�

)1
2
,

and Hn are the Hermite polynomials (ωc is the angular frequency of the corresponding classical
harmonic oscillator and m is its mass). Use the generating function for the Hermite polynomials,

S(ξ, s) = e−s2+2sξ,

to show that

〈un|x̂3|un+3〉 =
[(n + 1)(n + 2)(n + 3)]

1
2

2
3
2α3

.
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