
OVERVIEW OF CLASSICAL MECHANICS

AND ELECTRODYNAMICS#

• Newton’s equation for one particle in one dimension

Fx ≡ Fx(x, ẋ, t) = mẍ ≡ m
d2x

dt2

• Newton’s equations for one particle in three dimensions

F ≡ F(r, ṙ, t) = mr̈ ≡ m
d2r

dt2

or

Fx = mẍ ≡ m
d2x

dt2
, Fy = mÿ ≡ m

d2y

dt2
, Fz = mz̈ ≡ m

d2z

dt2

• Mechanics of a system of N particles without constraints according
to Newton

Fi ≡ Fi(r1, . . . , rN , ṙ1, . . . , ṙN , t) = mir̈i, i = 1, . . . , N

or

Xj ≡ Xj(x, ẋ, t) = mjẍj, j = 1, . . . , 3N, x ≡ (x1, . . . , x3N), ẋ ≡ (ẋ1, . . . , ẋ3N)

Fi = F
(ext)
i +

N∑

j=1

Fji, Fji = −Fij (Fii = 0)

#) Bold symbols designate vector quantities.
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• Newtonian momentum for one particle in one dimension

p = mv = mẋ

• Newtonian momentum for one particle in three dimensions

p = mv = mṙ

or

px = mẋ, py = mẏ, pz = mż

• Newtonian momenta for a system of N particles

pj = mjẋj, j = 1, . . . , 3N,

• Kinetic energy (T ) for one particle in one dimension

T =
1

2
mẋ2 =

p2

2m
, p = mẋ

• Kinetic energy (T ) for one particle in three dimensions

T =
1

2
m(ẋ2 + ẏ2 + ż2) =

1

2m
(p2
x + p2

y + p2
z), px = mẋ, py = mẏ, pz = mż
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• Kinetic energy (T ) for N particles

T =
N∑

i=1

1

2
mi(ẋ

2
i + ẏ2

i + ż2
i ) =

N∑

i=1

1

2mi
(p2
x,i + p2

y,i + p2
z,i)

or

T = 1
2

3N∑

j=1

mj(ẋj)
2 = 1

2

3N∑

j=1

p2
j

2mj

• Potential function (V ) for one particle in one dimension

Fx = −∂V (x, t)

∂x

• Potential function (V ) for one particle in three dimensions

F = −∇V (r, t), ∇ =

(
∂

∂x
,
∂

∂y
,
∂

∂z

)

or

Fx = −∂V (x, y, z, t)

∂x
, Fy = −∂V (x, y, z, t)

∂y
, Fz = −∂V (x, y, z, t)

∂z

• Potential function (V ) for N particles without constraints

Fi = −∇iV (r1, . . . , rN , t), ∇i =

(
∂

∂xi
,
∂

∂yi
,
∂

∂zi

)
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or

Fx,i = − ∂

∂xi
V (x1, y1, z1, . . . , xN , yN , zN , t)

Fy,i = − ∂

∂yi
V (x1, y1, z1, . . . , xN , yN , zN , t)

Fz,i = − ∂

∂zi
V (x1, y1, z1, . . . , xN , yN , zN , t)

or

Xj = − ∂

∂xj
V (x, t)

Xj(x, ẋ, t) = mjẍj, j = 1, . . . , 3N, x ≡ (x1, . . . , x3N),

When V does not depend on time (t) explicitly, we call V the potential energy
and we call forces Fi the conservative forces. For the conservative forces, the
sum of the kinetic and potential energies remains constant during the motion.

• Angular momentum for one particle

L = r× p, p = mv = mṙ

• Angular momentum for N particles

L =
N∑

i=1

ri × pi, pi = mivi = mṙi
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• Mechanics of a system of particles with and without constraints
(holonomic constraints)

fp(x1, . . . , x3N , t) = 0, p = 1, . . . , k (k ≤ 3N)

Xj +X
(c)
j = mjẍj, j = 1, . . . , 3N

3N∑

j=1

X
(c)
j δxj = 0, where

3N∑

j=1

∂fp
∂xj

δxj = 0

• D’Alembert’s principle

fp(x1, . . . , x3N , t) = 0, p = 1, . . . , k (k ≤ 3N)

3N∑

j=1

(Xj −mjẍj)δxj = 0, where
3N∑

j=1

∂fp
∂xj

δxj = 0

• Generalized and curvilinear coordinates for systems with and with-
out constraints

xi = xi(q1, . . . , qf , t),

yi = yi(q1, . . . , qf , t),

zi = zi(q1, . . . , qf , t),

i = 1, . . . , N, f = 3N − k

or

xj = xj(q1, . . . , qf , t), j = 1, . . . 3N, f = 3N − k
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Example: spherical coordinates for one particle without constraints (N = 1,
k = 0, f = 3)

x = r sinϑ cosϕ, y = r sinϑ sinϕ, z = r cosϑ

Example: polar coordinates for one particle moving on the (x, y) plane (N = 1,
k = 1, f = 2)

x = r cosϕ, y = r sinϕ, z = 0

• Generalized coordinates, D’Alembert’s principle in generalized co-
ordinates

xj = xj(q1, . . . , qf , t), j = 1, . . . 3N, f = 3N − k
or

x = x(q, t), q ≡ (q1, . . . , qf)

f∑

`=1

[
Q` −

d

dt

(
∂T

∂q̇`

)
+
∂T

∂q`

]
δq` = 0

Q` =
3N∑

j=1

Xj
∂xj
∂q`

, T = 1
2

3N∑

j=1

mj(ẋj)
2, δq` arbitrary

• Lagrange’s equations

Q` =
d

dt

(
∂T

∂q̇`

)
− ∂T

∂q`
, ` = 1, . . . , f
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• Lagrange’s equations for the forces that can be obtained from a
potential function V (Xj = − ∂V

∂xj
or Q` = −∂V

∂q`
, where V = V (x, t))

d

dt

(
∂L

∂q̇`

)
− ∂L

∂q`
= 0, ` = 1, . . . , f

L = L(q, q̇, t) = T (ẋ(q, q̇, t))− V (x(q, t), t)

q ≡ (q1, . . . , qf), q̇ ≡ (q̇1, . . . , q̇f)

• Lagrange’s equations for the forces that can be obtained from a
generalized (velocity-dependent) potential function U (Xj = − ∂U

∂xj
+

d
dt

(
∂U
∂ẋj

)
or Q` = −∂U

∂q`
+ d

dt

(
∂U
∂q̇`

)
, where U = U(x, ẋ, t))

d

dt

(
∂L

∂q̇`

)
− ∂L

∂q`
= 0, ` = 1, . . . , f

L = L(q, q̇, t) = T (ẋ(q, q̇, t))− U(x(q, t), ẋ(q, q̇, t), t)

• Lagrange’s equations in terms of conjugate momenta

p` ≡
∂L

∂q̇`

ṗ` =
∂L

∂q`
, ` = 1, . . . , f
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• The Hamilton equations

q̇` =
∂H

∂p`
, ṗ` = −∂H

∂q`
, ` = 1, . . . , f

H = H(q, p, t) =
f∑

`=1

pl vl(q, p, t)− L(q, v(q, p, t), t)

q ≡ (q1, . . . , qf), p ≡ (p1, . . . , pf), v ≡ (v1, . . . , vf)

v` = q̇` and v`(q, p, t) is obtained by solving the system of equations

p` =
∂L(q, v, t)

∂v`
, ` = 1, . . . , f

for v`.

For contraints that do not depend on time (∂xj(q,t)∂t = 0 or xj = xj(q)) and for
the forces that are obtained from a potential function V , we have

H(q, p, t) = T (q, v(q, p)) + V (q, t)

• The equations of motion in the Poisson bracket notation

F = F (q, p, t), G = G(q, p, t)

{F,G} =
f∑

`=1

(
∂F

∂q`

∂G

∂p`
− ∂F

∂p`

∂G

∂q`

)

dF

dt
=
∂F

∂t
+ {F,H}

8



• Maxwell’s equations for the electric and magnetic fields, E and B,
respectively, generated by charge and current distributions, ρ and j,
respectively. The Lorentz force formula for a particle moving in the
electromagnetic field

E = E(x, y, z, t), B = B(x, y, z, t)

ρ = ρ(x, y, z, t), j = j(x, y, z, t)

∇ • E = 4πρ (Gauss′ law)

∇× E = −1

c

∂B

∂t
(Faraday′s law)

∇×B =
1

c

∂E

∂t
+

4π

c
j

(
∂E

∂t
= 0→ Ampere′s law

)

∇ •B = 0 (magnetic charges do not exist)

F = q

[
E +

1

c
(v ×B)

]
(the Lorentz force)

Notation:

∇ •A =
∂Ax

∂x
+
∂Ay

∂y
+
∂Az

∂z

(∇×A)x =
∂Az

∂y
− ∂Ay

∂z
, (∇×A)y =

∂Ax

∂z
− ∂Az

∂x
, (∇×A)z =

∂Ay

∂x
− ∂Ax

∂y
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• Scalar and vector potentials, generalized potential for electromag-
netic forces

φ = φ(x, y, z, t), A = A(x, y, z, t)

E = −∇φ− 1

c

∂A

∂t

B =∇×A

U = qφ− q

c
A•v

• Langrangian and Hamiltonian for a particle in an electromagnetic
field

L = T − qφ+
q

c
A•v

H =
1

2m

(
p− q

c
A

)2

+ qφ

• Wave equation in three dimensions

∂2ψ

∂x2
+
∂2ψ

∂y2
+
∂2ψ

∂z2
− 1

v2

∂2ψ

∂t2
= 0, ψ = ψ(x, y, z, t)

• Plane waves (in one dimension)

ψ(x, t) = Aei(kx−ωt) or ψ(x, t) = Aei(kx−ωt)+Be−i(kx−ωt) or ψ(x, t) = C sin(kx−ωt+γ)

(k = 2π/λ, ω = 2πν, v = λν = ω/k)
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