OVERVIEW OF CLASSICAL MECHANICS
AND ELECTRODYNAMICS#

e Newton’s equation for one particle in one dimension

d2
F,=F,(z,%,t) =mi = md—tf

e Newton’s equations for one particle in three dimensions

d*r
F=F(r, i t) =mif=m—
(r,r,t) = m¥ mos
or
d? d? d?
Fx:m:}izm—x Fy:myzm—y FZ:méEm—Z

dt?’ dt?’

e Mechanics of a system of N particles without constraints according
to Newton

F,=F;(ry,...,rN,11,.... TN, 0) =m;¥;, 1=1,...,N

#) Bold symbols designate vector quantities.



e Newtonian momentum for one particle in one dimension
P =1Mmv=mz
e Newtonian momentum for one particle in three dimensions

p=mv =mr
or

Pe = MI, Py =my, p,=mz
e Newtonian momenta for a system of N particles
pj:mjx'j, j=1,...,3N,

e Kinetic energy (7') for one particle in one dimension

e Kinetic energy (7') for one particle in three dimensions

1 . . . 1 . . .
T=om(d +§° +2) = o~ +p,+0.),  pe=mi, py=mj, p.=m?



e Kinetic energy (7') for N particles

N1 . . . No1
T =3 omi(di +9; +2) =Y s— 0, + v, + 1)
i-12 i=12m;
or
3N 3N p?

e Potential function (V') for one particle in one dimension

_OV(x,1)

F, =
ox

e Potential function (V') for one particle in three dimensions

o 0 0
F = —VV(I',t), V = <5’x’8y’6z>
or
oV(x,y, z,t) oV (x,y,z,t) oV (x,y, z,t)
v Ox Y Oy e 0z

e Potential function (V) for N particles without constraints

o 0 0
Fi — —VZ‘V(rl, .. .,rN7t>7 VZ o (axZ’ 8%7 8%)



or

0
F.i=—V(x1,y1,21,..., 2N, YN, 2N, T
, axi(lyll NyNN)
F, aV( )
i — Xy, 3 %1y -3 LN, y ZN 5
Y, Dv; 1, Y1, %1 N> YN, ZN
0
F.;= —a—V(ajl,yl,zl, TN, YN, 2N, 1)
Zi
or
0
X;i=——""V(x,t

Xj(x,:i:,t):mjij, jzl,...,SN, .fEE(.CCl,...,.IgN),

When V' does not depend on time (t) explicitly, we call V' the potential energy
and we call forces F; the conservative forces. For the conservative forces, the
sum of the kinetic and potential energies remains constant during the motion.

e Angular momentum for one particle
L=rxp, p=mv=mr
e Angular momentum for N particles

N
L=)>rXp;, p;i=myV,=mr
i=1



e Mechanics of a system of particles with and without constraints

(holonomic constraints)

fp(xla"'vx?)Nat):O; P = ,,k(ké?)N)
X;+ X\ =myi;, j=1,...,3N
3N 3N 9
> X](C) dr; =0, where ) 2] -ox; =0
J=1 j=1 a
e D’Alembert’s principle
fo(ze,. . a3n,t) =0, p=1,....k(k <3N)
3N 3N 9 f
> (Xj —myi;)ox; =0, where > —L 5z
j=1 1(91[']

e Generalized and curvilinear coordinates for systems with and with-

out constraints

x;

Yi

i=1,...

or

SCj = xj(ql, N

7Qf7t)7

xz(Ql,---;Qf;t);

y(Qh"'aqfat)?

zilqy -, qy,t),

N, f=3N—k
j=1,...3N, f=3N—k



Example: spherical coordinates for one particle without constraints (N = 1,

k=0, f=3)

xr=rsindcosp, y=rsinvsingy, 2z =rcosv

Example: polar coordinates for one particle moving on the (x, y) plane (N = 1,

k=1, f=2)

r=rcosyp, y=rsinyp, z=0

e Generalized coordinates, D’Alembert’s principle in generalized co-
ordinates

r;=zi(q1,...,q5t), j=1,...3N, f=3N—-k
or
:x(Q7t)7 q = (QI77Qf)

or or
— — | = dqr =0
EV” ﬁ(@) a@‘%
Oz e . )2 :
Z Xj—=—= 90, T =35> my(&;)°, 0qe arbitrary
/ j=1
e Lagrange’s equations
d (0T or
=—|==)—=—, (=1,.



e Lagrange’s equations for the forces that can be obtained from a
potential function V (X; = -2 or Q, = —g—(‘;, where V = V(x, 1))

a(L'j
d (0L oL
— | — ] —=—=0 {=1....
dt<5Qe> o ’ e

L= L(q,q,t) =T(i(g,q,1)) — V(z(q,1),1)

qE(Q17"‘7Qf)a qE(QIa7Qf)

e Lagrange’s equations for the forces that can be obtained from a

generalized (velocity-dependent) potential function U (X; = _% +
% <g—g) or Q= —g—g + % <§—Z>, where U = U(x, 1,1))
L L
d<a.>—a:0, C=1,...,f

L =1L(q,q,t) =T(2(q,4,t)) — U(x(q,1),%(q,4,1),1)

e Lagrange’s equations in terms of conjugate momenta

_ oL
PC= 94,
oL
= =1
De aqﬂa 14 ) 7f



e The Hamilton equations

OH OH
=0 pp=—S f=1,..
QE apg? pé 6q£7 Y 7f
!
H = H(q,p,t) =Y pulg,pt) — L(g,v(g,p, 1), 1)
/=1

¢e=(q1,---,97), p=(p1,.-.-.p5), v=(v1,...,05)

v = ¢¢ and vy(q, p,t) is obtained by solving the system of equations

oL t
= Okt
8124
for vy.
For contraints that do not depend on time ((%jT(tq’t) =0 or x; = xj(q)) and for

the forces that are obtained from a potential function V', we have

H(q,p,t) = T(q,v(q,p)) + V(q,1)

e The equations of motion in the Poisson bracket notation

F=F(q,pt), G=G(gnpt)

f 1OF 0G  OF 0G
o)
) fzz1 0qOpr  OpeOqe

dF" O0F
@ L FH
dt &+{’}



e Maxwell’s equations for the electric and magnetic fields, E and B,
respectively, generated by charge and current distributions, p and j,

respectively. The Lorentz force formula for a particle moving in the
electromagnetic field

E=E(z,y,2,t), B=B(z,y,z21)
p=plz,y 21), j=jyz21)

VeE =4mp (Gauss law)

10B
E=—— F 's1
V x e (Faraday's law)
10E 4, OE ,
VXB_EW—F?J (E—OHAmpereslaw>

VeB =0 (magnetic charges do not exist)

1
F=q [E—l——(va)
c

(the Lorentz force)

Notation:
0A 0A 0A
A — T Y z
Ve ox + oy + 0z
0A, O0A 0A, O0A 0A, O0A
A),=—"7F-"2 A), = *_TE A), =~ _ T
(VxA) oy 0z’ (VxA),y 0z oz’ (VxA) or Oy



e Scalar and vector potentials, generalized potential for electromag-
netic forces

¢:¢<$7y7z7t)7 A:A'(x7y7z7t)

10A

E—- _ _ -

v c Ot
B=V xA
U:ng—ZA.V

e Langrangian and Hamiltonian for a particle in an electromagnetic
field

L=T—q¢+TAw
C

1 2
H=—<p—gA> +q¢
2m c

e Wave equation in three dimensions

Op  Op  Op 1%
6372 ay2 822 N ﬁﬁ _07 w_w(xayvzvt)

e Plane waves (in one dimension)

Wz, t) = Ae'Fe=) or ap(x, 1) = Ae'kr=wt) f Bemilha=l) oy (z, 1) = C'sin(kz—wt+)

(k=2m/\ w=27mv, v=XIv=uw/k)
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