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I. (48 points)

A. What would be the problem with defining Xp as a quantum mechanical observable?

How would you define an operator based on this one that would correspond to a
guantum mechanical observable?

The operator would not be Hermitian; therefore, it cannot represent an observable.

To make it Hermitian, symmetrize it to (Xp + pX)/2

B. What is the requirement on the operators that represent observables that lets them
be simultaneously specified?

The operators representing the observables must commute.

C. Which complete set of functions would you use to expand some function f (9,¢>)

on the unit sphere? How would you write this expansion? How are the coefficients
defined?

Use the spherical harmonics.
f(0,0)=>Y ™" (6,0)
I,m
Va 2
where the " = [d@sing [ deY *" (6,¢) f (6,0)
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D. When separating variables in three dimensions with a central potential, why are the
corresponding energies independent of the ‘“m” quantum number?

The rotational symmetry of the problem is responsible.



E.  Why is the matrix element (g |a*a|yg )necessarily non-negative, where a and

a" are lowering and raising operators and |y ) is an eigenstate of the harmonic
oscillator Hamiltonian?

It can be written as <az//E |at//E ) using the adjoint character of these operators, and this is
the scalar product of the same vector, that is necessarily non-negative.

F.  What is the implication of the expression Hayg = (E -Dayg?

It states that ay is an eigenstate of H with eigenvalue E-1. Thus, acan be viewed as a
lowering operator.

G. For a time-independent operator, the time evolution of the expectation value of an
operator A is

Sy Al =~ v [H.All)

Show that this implies conservation of energy.

W =0, so energy is conserved.

Set A=H. Since [H,H]=0,d

H. In solving the radial part of the Schrodinger equation for its bound states, by the
series solution method, what (physical and mathematical) property is eventually
responsible for obtaining a series with a finite number of terms?

The mathematical requirement is that the wavefunction is finite at infinity, and that
reflects the physical requirement that the wavefunction be normalizable.



Il. (26 points)

Show that the matrix elements x,, and p,, of the position and momentum operators for

stationary states (thus using wavefunctions |1//k> for an energy representation) satisfy

(En —E )
in

H=T+V.

1 L . A
Xy = - P,, by considering matrix elements of the commutator [H , x] , Where

A

The identities [ %, f (p)]=i% dfd(pp) and | p, f(X)]= —ihdfd—()ﬁ(x) may prove useful.

a2

With H = me +V (X), we consider [H,X]:

n2

(H.-| 2

2m

,)?}+[V,>A(]:?%+O.

Taking matrix elements, using [y, ).|w, ),

- h ;
(wlH &) =— (il Blw)-
This is
- - h
{<Wk | H>}X|'/’n>_<‘/’k|XH I =5 P
using the definition of matrix element of an operator.

Now, H|Wk>:Ek|Wk> H|l//n>:En|l//n>’

so (remembering H is Hermitian so its eigenvalues are real),

N . 5
E (v |X|w,) - E, (wi |X|wn>=ﬁ Pn -

We rearrange to

(E.-E). 1
Txkn _Epkn'



1. (26 points)
A.  Show that [LZ, LZ} =0.
Recall that [AB,C] = [A,C]B + A[B,C].

[LZ,Lz]z[(Li+L§,+L%),LZ}:[Li,LZ}+[L§,,LZ}
Set[l_i,LZ =[Lo L ] L+ L [ Lo Ly ]

k]
L =Ly Ly Ly Ly L]
]

. |=inL, (%, ¥,2)(y,2,x)(Z, %, Y)

2 . . . .
12, LZ] = il L —iAL,Ly +iAL L, +iAL, L, =0.

B. Evaluate the expectation value of L,,L,,and L, in the L, basis (where
L, |m)=nm|m)).
(It’s easiest to express L, :(L+ +L_ )/2 and Ly, =(L, -L_ )/2i , in terms of
raising (L, ) and lowering (L_) operators.)
The expectation values are
(m|L;|m)=nm(m|m)=rAm
(] Ly m) = (m|(L, + L) m)/2=0,

because L, are raising/lowering operators and give ~ <m|mi1>=0 by orthogonality
similar for L, .



